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Abstract: We compute scalar quasinormal mode (QNM) frequencies in rotating black hole
solutions of the most general class of higher-derivative gravity theories, to quartic order in
the curvature, that reduce to General Relativity for weak fields and are compatible with its
symmetries. The wave operator governing the QNMs is not separable, but we show one can
extract the QNM frequencies by a projection onto the set of spheroidal harmonics. We have
obtained accurate results for the quasinormal frequency corrections relative to Kerr for rotating
black holes with dimensionless spins up to ∼ 0.7. We also discuss to what extent our results
carry over to the phenomenologically more relevant case of gravitational QNMs. Finally we
provide an ancillary computational package that allows one to generalize our calculations to
any effective energy-momentum tensor arising from higher-derivative terms in the effective
action.
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1 Introduction
Gravitational waves (GW) from the inspirals and mergers of black hole binaries [1] encode a
wealth of precious information about the gravitational physics of highly warped, dynamical
regions of spacetime. Decoding these GW patterns, combined with further advances in GW
detection technology, therefore offers a promising route to use GWs as precision probes of
General Relativity (GR) [2–8] and, in due course, its high-energy completion [9–14]. The
significant theoretical uncertainties on the form of the latter and thus on the scales at which
deviations from GR become important, call for a sufficiently general approach.
In this spirit we study the final phase of generic mergers of rotating black holes in the
most general class of higher-derivative extensions of GR that reduce to GR in the weak field
limit and are compatible with its symmetries. Specifically, we consider the theories introduced
in Refs. [15, 16]. In this final ‘ringdown’ phase GWs carry away the multipolar structure of
the newly formed remnant, which then relaxes to its final stationary state. The information in
GWs generated in this stage is encoded in the complex frequencies of the quasinormal mode
(QNM) perturbations of the final state, which describe its response to generic perturbations
— see [17] and references therein. The final state as well as the QNM frequencies are sensitive
to the underlying theory of gravity, and both are known to be highly constrained in GR.
Hence this ringdown phase offers great potential to probe GR, and to constrain corrections to
it [5, 6, 18].
To realize the scientific potential of GWs in this regime, precise and systematic predic-
tions of QNM frequencies will be essential. Calculations of QNM frequencies are rather in-
volved, however, and have often been performed using various approximations. Recently, much
progress has been reported on the calculation of QNM frequencies for spherical black holes in
a broad range of modifications of GR [19–25] — see also [26, 27] for a parametrized formalism.
Coalescences of observational interest, however, typically involve black holes with significant
angular momentum [1]. Although some approximations are sometimes implemented to cap-
ture the effect of rotation [11, 20], the computation of quasinormal frequencies of beyond-Kerr
black holes remains an outstanding issue. To this end, and in the spirit of the general approach
motivated above, we compute QNM frequencies associated with scalar fields in rotating black
hole backgrounds in the general class of higher-derivative theories of gravity specified above.
One remarkable property of Kerr’s solution [28] is the fact that the master equation for
perturbations is separable [29, 30]. This allows to reduce the problem to a one-dimensional
“Schrödinger-like” equation with an effective potential, for which many methods are known to
compute the QNM frequencies, e.g. [17, 31–35]. The key technical hurdle that we resolve in
this paper is that the wave operator governing the scalar QNM perturbations in rotating black
hole backgrounds in higher-derivative gravities is, generically, non-separable. We show that
the projection of the wave operator onto the set of spheroidal harmonics yields a consistent
second-order ODE for a single variable, enabling us to extract the QNM frequencies in the
usual manner.1 The computation of scalar QNM frequencies can be considered a first step
1See [36, 37] for a different proposal to resolve non-separability issues.
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towards the calculation of the phenomenologically more interesting gravitational QNMs. In
fact, as we discuss in Section 8 below, certain facets of the phenomenology of scalar QNMs
carry over to the gravitational QNMs.
Many of our calculations are analytic yet lengthy, so we provide a number of ancillary files
with this submission that allow one to reproduce (and even to extend) most of these compu-
tations using Mathematica. The main resource we provide is a package “CorrectionsKerr.mx”,
which includes several functions that enable one to carry out the following computations:
1. To solve the modified Einstein’s equations for rotating black holes in the above class of
theories (cf. Section 3).
2. To find the effective potentials for scalar perturbations (cf. Section 5.2).
3. To find the fundamental complex QNM frequencies through a numerical integration of
the wave equation (5.28).
The corresponding functions are documented in the example notebook “QNMKerrCorrec-
tions.nb”. The only input needed in this is the effective energy-momentum tensor that appears
on the right-hand-side of Einstein’s equations — as in Eq. (3.1) — evaluated on the Kerr met-
ric. This is required for step 1 above. We provide these effective energy-momentum tensors
for all theories considered in this paper — see (2.2) and (2.3) — in the package “Tmunu.mx”.
However, our methods should also work for any other energy-momentum tensor that arises
from higher-derivative terms in the effective action. The outline of this paper is as follows:
• In Sections 2 and 3 we briefly review the higher-derivative effective actions derived in
[15, 16] and the rotating black hole solutions in these theories.
• Section 4 is devoted to the study of scalar QNMs of spherically symmetric black holes
and serves as a warm-up for the rotating case.
• In Section 5 we address the problem of scalar perturbations in the background of a
corrected Kerr black hole. We show that the projection of the wave operator onto the
spheroidal harmonics yields a second-order ODE for a single variable. From this equation
we then derive the effective potential for perturbations.
• Section 6 is the core of our paper. We provide a detailed discussion of the corrections
to the QNM frequencies of rotating black holes in the theories (2.2) and (2.3).
• Assuming a similarity between scalar and gravitational QNMs, in Section 7 we derive
some observational consequences of the deviations of the quasinormal frequencies with
respect to the Kerr values and we estimate the bounds on the higher-derivative correc-
tions that can be set with future GW measurements.
• We conclude in Section 8, where we also comment on the possible analogy between scalar
and gravitational QNMs.
Finally, we also include several appendices that contain some technical results.
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2 Higher-derivative effective action
We adopt an effective field theory approach and consider the most general higher-derivative
corrections to the Einstein-Hilbert action of General Relativity (GR) that are compatible with
the symmetries of the theory. These follow from an action of the following form,
S =
1
16piG
∫
d4x
√
|g|
[
R+
∞∑
n=2
`2n−2L(n)
]
, (2.1)
where L(n) represents the most general diff-invariant Lagrangian containing 2n derivatives of
the metric, while ` is a parameter with units of length that controls the overall scale of the
corrections. The Lagrangians L(n) are in general sums over independent curvature invariants
weighted by arbitrary couplings αi(n). Inspired by string theory we take the latter to be
dynamical scalar fields. This family of theories was analyzed in [16], where it was shown that
the leading corrections to vacuum GR solutions appear at order `4 in the metric. They can
be studied by means of the following effective action
S =
1
16piG
∫
d4x
√
|g|
{
R+ α1φ1`
2X4 + α2 (φ2 cos θm + φ1 sin θm) `2RµνρσR˜µνρσ
+ λev`
4R ρσµν R
δγ
ρσ R
µν
δγ + λodd`
4R ρσµν R
δγ
ρσ R˜
µν
δγ −
1
2
(∂φ1)
2 − 1
2
(∂φ2)
2
}
,
(2.2)
where X4 = RµνρσRµνρσ − 4RµνRµν + R2 is the Gauss-Bonnet density, while R˜µνρσ =
1
2
µναβR ρσαβ is the dual Riemann tensor. Here we have assumed that the scalar fields φ1,
φ2 are massless. The inclusion of a mass term for the scalars greatly complicates the analysis
of the solutions of this theory. A priori, one might wish to add other terms to the effective
theory (2.2), such as RRµνρσRµνρσ. However, it turns out that all of these can be removed
by means of field redefinitions. The physical properties of black holes, such as the quasinor-
mal frequencies of interest here, are invariant under changes of frame. Thus (2.2) preserves
generality.
Conversely one might wish to further constrain the theory (2.2). To preserve parity, for
example, one should set λodd = θm = 0. To eliminate non-minimally coupled scalars one can
set α1 = α2 = 0, which in practice is equivalent to truncating the scalars. One might also
want to set the cubic terms to zero, since it has been argued that these give rise to causality
violations unless the action is supplemented with an infinite tower of higher-spin modes [38].
Finally, if all corrections in (2.2) are discarded or ruled out on physical grounds, one would
need to consider the O(`6) corrections. In Ref. [15] it was shown that these corrections can
be written as the following combination of quartic invariants,2
S(4) =
`6
16piG
∫
d4x
√
|g|
{
1C2 + 2C˜2 + 3CC˜
}
, (2.3)
2Note that one could consider as well dynamical couplings in this case, nevertheless their effect is subleading
in this case.
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where
C = RµνρσRµνρσ , C˜ = RµνρσR˜µνρσ . (2.4)
This theory was proposed in [15] as an effective field theory extension of GR that is particularly
suitable to be tested using gravitational waves since it involves no new degrees of freedom.
Black hole solutions of the theory (2.3) were studied in [24]. The dynamics of inspiraling black
hole binaries and the LIGO/Virgo observational constraints on corrections of the form (2.3)
were studied in [10].
For both theoretical and phenomenological reasons it is clearly of interest to carry out the
analysis of the quasinormal modes of static and rotating black holes for both sets of corrections
(O(`4) and O(`6)). Due to limitations of space and time, in this paper we focus primarily
on the corrections included in (2.2), since they dominate if present. However, for the sake of
completeness and in light of further developments along these lines, we also provide a (less
detailed) analysis of the corrections to the quasinormal modes induced by the quartic terms in
(2.3). Furthermore, the ancillary files that we include with this paper allow one to perform the
analysis of the corrections to the Kerr metric and to the quasinormal frequencies for general
higher-derivative theories.
3 Rotating black holes in higher-derivative gravity
In this section we review the equations of motion of the theories (2.2) and (2.3) and how
to find rotating black hole solutions as perturbative corrections to the Kerr metric. These
solutions were studied in Refs. [16] and [24], respectively, although spinning black holes in
particular theories captured by (2.2) (e.g., Einstein-scalar-Gauss-Bonnet gravity [39–41] or
dynamical Chern-Simons gravity [42]) have been largely studied in the literature using different
approaches [43–53].
The equations of motion arising from (2.2) can be written as
Gµν = T
scalars
µν + T
cubic
µν , (3.1)
∇2φ1 = −α1`2RµνρσRµνρσ − α2`2 sin θmRµνρσR˜µνρσ , (3.2)
∇2φ2 = −α2`2 cos θmRµνρσR˜µνρσ , (3.3)
where the effective energy-momentum tensors appearing in the left-hand-side of Einstein’s
equation are given by
T scalarsµν =− α1`2gνλδλσαβµργδ Rγδαβ∇ρ∇σφ1 + 4α2`2∇ρ∇σ
[
R˜ρ(µν)σ (cos θmφ2 + sin θmφ1)
]
+
1
2
[
∂µφ1∂νφ1 − 1
2
gµν (∂φ1)
2
]
+
1
2
[
∂µφ2∂νφ2 − 1
2
gµν (∂φ2)
2
]
,
(3.4)
and
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T cubicµν =λev`
4
[
3Rµ
σαβRαβ
ρλRρλσν +
1
2
gµνR
ρσ
αβ R
δγ
ρσ R
αβ
δγ − 6∇α∇β
(
RµαρλRνβ
ρλ
)]
+ λodd`
4
[
− 3
2
R ραβµ RαβσλR˜
σλ
νρ −
3
2
R ραβµ RνρσλR˜
σλ
αβ +
1
2
gµνR
ρσ
µν R
δγ
ρσ R˜
µν
δγ
+ 3∇α∇β
(
RµασλR˜
σλ
νβ +RνβσλR˜
σλ
µα
)]
.
(3.5)
We note that the scalars acquire a non-trivial value of order `2 on account of their non-
minimal coupling to the curvature. On the other hand, both T scalarsµν and T cubicµν are of order
`4, and hence the metric can expanded as gµν = g
(0)
µν + `4g
(4)
µν , where g
(0)
µν is a solution of the
zeroth-order Einstein’s equations and g(4)µν is a perturbative correction. Regarding the quartic
terms (2.3), their contribution to the Einstein’s equations can be recasted as an effective
energy-momentum tensor that reads
T quarticµν = −`6Rναβσ
[
R αβσµ
(
21C + 3C˜
)
− R˜ αβσµ
(
22C˜ + 3C
)]
(3.6)
+
`6
2
gµν
(
1C2 + 2C˜2 + 3CC˜
)
− 2`6∇α∇β
[
Rµανβ
(
21C + 3C˜
)
− R˜µανβ
(
22C˜ + 3C
)]
.
In this case, the correction to the metric is of order `6, so that gµν = g
(0)
µν + `6g
(6)
µν . Now we
are going to assume that g(0)µν is the Kerr metric and our goal is to compute the corresponding
corrections to this solution.
First, it is necessary to write down an appropriate metric ansatz in order to describe the
deviations to the Kerr geometry. Following [16] we write
ds2 =−
(
1− 2Mρ
Σ
−H1
)
dt2 − (1 +H2) 4Maρ(1− x
2)
Σ
dtdφ+ (1 +H3) Σ
(
dρ2
∆
+
dx2
1− x2
)
+ (1 +H4)
(
ρ2 + a2 +
2Mρa2(1− x2)
Σ
)
(1− x2)dφ2 ,
(3.7)
where Σ and ∆ are given by
Σ = ρ2 + a2x2 , ∆ = ρ2 − 2Mρ+ a2 . (3.8)
and where Hi = Hi(ρ, x) are four functions characterizing the corrections. For Hi = 0 the
metric above reduces to Kerr, and since we are only interested in perturbative corrections, the
functions Hi are determined from the linearized Einstein equations,
GLµν
∣∣∣
Hi
= T effµν
∣∣∣
g
(0)
µν
, (3.9)
where GLµν is the linearized Einstein tensor on the Kerr background, and the right-hand side
is one of the effective energy-momentum tensors shown above, evaluated on the zeroth-order
metric.
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The equations of motion do not allow for a fully analytic solution for arbitrary angular
momentum. It is nevertheless possible to expand the functions φ1,2, Hi in a series in the spin
parameter χ = a/M . This yields
φ1,2 =
∞∑
n=0
χn
n∑
p=0
kmax∑
k=0
φ
(n,p,k)
1,2 x
pρ−k , Hi =
∞∑
n=0
χn
n∑
p=0
kmax∑
k=0
H
(n,p,k)
i x
pρ−k , i = 1, 2, 3, 4 .
(3.10)
That is, every term in the χ-expansion is a polynomial in x and in 1/ρ, where φ(n,p,k)1,2 , H
(n,p,k)
i
are constant coefficients and the value of kmax depends on n and p. These coefficients are
determined by the equations of motion, except for a few ones that have to be fixed by the
boundary conditions. For the scalars we can set
φ
(n,0,0)
1 = φ
(n,0,0)
2 = 0 , n = 0, 1, 2, . . . , (3.11)
so that φ1 and φ2 vanish asymptotically (any other value is equivalent because the theory
(2.2) is shift-symmetric). For the functions Hi we must impose
H
(n,0,0)
1 = 0 , H
(n,0,0)
3 = H
(n,0,0)
4 = −
H
(n,0,1)
3
M
, H
(n,0,0)
2 = −
H
(n,0,0)
3
2
. (3.12)
These conditions guarantee that the solution is asymptotically flat and that the total mass
and angular momentum are not “renormalized” by the corrections, i.e. M and J = aM are
still the physical mass and angular momentum.
For the theories with O(`4) corrections, the solution up to order O(χ3) is given in the
Appendix of [16], and a higher-order χ-expansion is available in the ancillary files associated
to that paper. For the theories with quartic corrections in (2.3), the few first terms in the
χ-expansion were found in [24] (possibly with a different ansatz though). With this paper
we provide an automatized Mathematica package that computes the functions Hi up to the
desired order in χ for both sets of corrections, and that can easily be extended to other types
of higher-derivative terms.
Ref. [16] has studied several properties of the rotating black hole geometries (3.7). Here
we limit ourselves to two observations that are relevant for our analysis. First, the form of
the ansatz means that the position of the horizon in terms of the radial coordinate is not
modified,3
ρ+ = M
(
1 +
√
1− χ2
)
. (3.13)
Moreover, the horizon is regular, which serves, of course, as important input in the study of
the behaviour of fields on this geometry. Second, the light ring frequencies and radii of this
back hole were also computed. This will allow us to compare our results for the QNMs in the
eikonal limit with the prediction coming from the geometric optics estimate.
3This is correct as long as |χ| < 1. The extremal case should be considered separately.
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4 Scalar perturbations of spherically symmetric black holes
Our goal is to find the QNM frequencies of a free scalar field perturbation in the black hole
backgrounds we have just reviewed. Before considering these scalar perturbations on fully
rotating black hole geometries, it is convenient to study first the case of spherically symmetric
black holes, whose treatment is much simpler. Besides, the results that we obtain here will
serve as a useful test for the rotating case, since we must recover the same quasinormal
frequencies in the non-spinning limit.4
When we set χ = 0, the black hole metric (3.7) becomes
ds2 = −f(ρ)dt2 + g(ρ)dρ2 + r(ρ)2dΩ2(2) , (4.1)
where
f(ρ) = 1− 2M
ρ
−H1 , g(ρ) = 1 +H3(
1− 2Mρ
) , r(ρ)2 = ρ2 (1 +H3) . (4.2)
Since the purpose of this section is mainly illustrative, we consider the O(`4) corrections only
— those in Eq. (2.2) — in which case the functions H1 and H3 read
H1 =
α21`
4
M4
(
1− 2M
ρ
)(
−208M
6
11ρ6
− 1616M
5
165ρ5
− 1174M
4
231ρ4
+
1868M3
1155ρ3
+
1117M2
1155ρ2
+
1117M
1155ρ
)
+
λev `
4
M4
(
1− 2M
ρ
)(
24M6
11ρ6
+
40M5
33ρ5
+
160M4
231ρ4
+
32M3
77ρ3
+
64M2
231ρ2
+
64M
231ρ
)
(4.3)
H3 =
α21`
4
M4
(
−368M
6
33ρ6
− 1168M
5
165ρ5
− 1102M
4
231ρ4
− 404M
3
1155ρ3
− 19M
2
1155ρ2
+
1117M
1155ρ
− 1117
1155
)
+
λev `
4
M4
(
−392M
6
11ρ6
+
8M5
33ρ5
+
40M4
231ρ4
+
32M3
231ρ3
+
32M2
231ρ2
+
64M
231ρ
− 64
231
)
(4.4)
We note that the horizon is exactly placed at ρ = 2M , but the price to pay is that ρ is not
the standard radial coordinate measuring the area of spheres, which instead is r(ρ). Observe
that these coordinates do not coincide even asymptotically. Indeed, we have
r(ρ) = ρ
(
1− 1117α
2
1`
4
1155M4
− 64λev `
4
231M4
)
+
1117α21`
4
1155M4
+
64λev `
4
231M4
+O(ρ−1) . (4.5)
Thus, it is important to bear in mind the distinction between ρ and r.
4.1 Effective potential
Now, let us consider a test scalar field satisfying the wave equation in this background,5
∇2ψ = 0 . (4.6)
4Useful since our method in the rotating case differs from the one we employ in the static case.
5In principle this could be one of the scalar fields already appearing in the action (2.2). However, since
those fields have a non-vanishing background value, one cannot neglect the coupling between the scalar and
gravitational perturbations, and hence one would need to solve a coupled system of equations. Thus, one
should imagine that (4.6) corresponds to the approximation in which the geometry is kept fixed, or either,
that ψ is a different field from those appearing in (2.2).
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Writing
ψ =
∫ ∞
−∞
dωe−iωt
∞∑
l=0
l∑
m=−l
Y ml (θ, ϕ)ψl,m(r, ω) , (4.7)
where Y ml are the spherical harmonics, we obtain a radial equation for each component ψl,m,
1
r2
√
fg
d
dρ
(√
f
g
r2
dψl,m
dρ
)
+
(
ω2
f
− l(l + 1)
r2
)
ψl,m = 0 . (4.8)
We can now massage this expression in order to bring it into a more standard form. First,
since the amplitude of ψl,m decays as ∼ 1/r at infinity, it is convenient to work with the
variable
ψˆl,m = rψl,m , (4.9)
Next, switching the tortoise coordinate ρ∗, defined as
dρ∗
dρ
=
√
g
f
, (4.10)
Eq. (4.8) takes the canonical form
d2ψˆl,m
dρ2∗
+
(
ω2 − Vl,m
)
ψˆl,m = 0 , (4.11)
where the effective potential Vl,m is given by
Vl,m =
fl(l + 1)
r2
+
1
r
√
f
g
(√
f
g
r′
)′
, (4.12)
and where each “prime” denotes a derivative with respect to ρ. Evaluating this expression and
expanding up to first order in `4, we get
Vl,m =
(
1− 2M
ρ
)(
l(1 + l)
ρ2
+
2M
ρ3
)
+
α21`
4
M6
(
1− 2M
ρ
){
l(1 + l)
(
992M8
33ρ8
+
928M7
55ρ7
+
2276M6
231ρ6
− 488M
5
385ρ5
− 366M
4
385ρ4
− 2234M
3
1155ρ3
+
1117M2
1155ρ2
)
+
21184M9
33ρ9
+
6208M8
165ρ8
+
472M7
21ρ7
− 59504M
6
1155ρ6
− 476M
5
165ρ5
− 1348M
4
231ρ4
+
1117M3
385ρ3
}
+
λev `
4
M6
(
1− 2M
ρ
)
{
l(1 + l)
(
368M8
11ρ8
− 16M
7
11ρ7
− 200M
6
231ρ6
− 128M
5
231ρ5
− 32M
4
77ρ4
− 128M
3
231ρ3
+
64M2
231ρ2
)
+
17056M9
11ρ9
− 21488M
8
33ρ8
− 40M
7
21ρ7
− 96M
6
77ρ6
− 32M
5
33ρ5
− 320M
4
231ρ4
+
64M3
77ρ3
}
, (4.13)
– 9 –
-20 -10 0 10 20
0.000
0.005
0.010
0.015
0.020
0.025
0.030
-20 -10 0 10 20
0.000
0.005
0.010
0.015
0.020
0.025
Figure 1. Effective potentials for scalar perturbations with l = 0 in spherically symmetric black holes.
Left: we take various values of α1 while keeping λev = 0. Right: we vary λev while keeping α1 = 0.
In both cases the red dashed line corresponds to the Schwarzschild potential.
while integrating (4.10) we get the tortoise coordinate
ρ∗ = ρ+ 2M log
( ρ
2M
− 1
)
− α
2
1`
4
M3
[
1117ρ
2310M
+
73
60
log
(
1− 2M
ρ
)
+
6719M
2310ρ
+
7451M2
2310ρ2
+
1316M3
495ρ3
+
62M4
33ρ4
]
− λev `
4
M3
[
32ρ
231M
+
1
4
log
(
1− 2M
ρ
)
+
109M
154ρ
+
391M2
462ρ2
+
14M3
11ρ3
+
23M4
11ρ4
]
. (4.14)
It is interesting to plot some of these potentials to see the effect of the corrections. In
Fig. 1 we show the potential corresponding to l = 0 for several values of α1 and λev, and we
compare these to the predictions of GR. Thus, we can see that the effect of α1 is to increase
the peak of the potential, while for λev the effect depends on the sign: λev < 0 makes the
peak higher and sharper and λev > 0 has the exact opposite effect.
4.2 Quasinormal frequencies
To compute the quasinormal frequencies we must solve Eq. (4.11) with the boundary condi-
tions
ψˆl,m ∝
{
eiωρ∗ when ρ∗ →∞
e−iωρ∗ when ρ∗ → −∞ ,
(4.15)
which represent the absence of modes coming from infinity and from the horizon. Since we
are only interested in the linear perturbative corrections to the quasinormal frequencies, in
general we can write
Mωl,n = Mω
(0)
l,n +
`4
M4
(
α21∆ω
(1)
l,n + λev∆ω
(ev)
l,n
)
, (4.16)
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l Mω
(0)
l,0 ∆ω
(1)
l,0 ∆ω
(ev)
l,0
0 0.110453− 0.104897 i 0.0512 + 0.00131 i 0.0260 + 0.0152 i
1 0.292936− 0.0976602 i 0.0708 + 0.00682 i 0.0106 + 0.0133 i
2 0.483644− 0.0967584 i 0.1045 + 0.00763 i 0.0128 + 0.00996 i
3 0.675366− 0.0964993 i 0.1411 + 0.00781 i 0.0177 + 0.00850 i
4 0.867415− 0.0963914 i 0.1786 + 0.00787 i 0.0231 + 0.00783 i
5 1.05961− 0.0963365 i 0.2166 + 0.00790 i 0.0284 + 0.00749 i
Table 1. Fundamental quasinormal frequencies (n = 0) for several values of l.
where ω(0)l,n is the uncorrected value of the frequency and ∆ω
(1)
l,n and ∆ω
(ev)
l,n are dimensionless
constants. The index n labels the overtone (starting with n = 0) and we are already taking
into account that the frequencies do not depend on m. To find the coefficients ∆ω(1)l,n and
∆ω
(ev)
l,n we first obtain the QNM frequencies of the full potential (4.13) for several (small)
values of α1 and λev, and then perform a linear fit which yields these coefficients, along with
ω
(0)
l,n .
We have used several methods to compute the QNM frequencies. For all values of l,
the fundamental mode can be obtained with excellent precision by performing a numerical
integration of the wave equation — a sketch of this method is explained in appendix A. The
frequencies for l = 0, . . . , 5 computed in this way are shown in Table 1.
However, the numeric integration fails to produce the overtones and we must resort to
approximate methods for those, such as the WKB method or the Pöschl-Teller approximation.
Unfortunately, we have checked that these methods are unreliable for low values of l; they do
not even produce the correct values of the coefficients ∆ω(1)l,0 and ∆ω
(ev)
l,0 shown in Table 1. For
l ≥ 3 the WKB method starts yielding a more consistent result for these coefficients, however
the precision for the overtones is probably smaller. Thus, these approximate methods will
only work for sufficiently large l. In the eikonal limit the WKB method or the Pöschl-Teller
approximation should actually give the exact result for the quasinormal frequencies, and they
allow us to obtain an analytic result. For instance, the Pöschl-Teller method gives the following
approximation to the quasinormal frequencies [17]:
ωPTn =
√
V0 − α2/4− iα
(
n+
1
2
)
, n = 0, 1, . . . (4.17)
where V0 corresponds to the maximum of the potential, V0 ≡ V (ρmax∗ ), while
α =
√
−V ′′(ρmax∗ )
2V0
. (4.18)
Evaluating these quantities for the potential (4.13) and taking l→∞, we get
ωl,n =
(2l + 1)
6
√
3M
(
1 +
4397α21`
4
21870M4
+
20λev`
4
729M4
)
− i(2n+ 1)
6
√
3M
(
1− 1843α
2
1`
4
21870M4
− 52λev`
4
729M4
)
. (4.19)
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One can see, for instance, that for l = 5, n = 0 this formula yields
ω5,0 = 1.0585− 0.0962 i+ α
2
1`
4
M4
(0.2128 + 0.0081 i) +
λev`
4
M4
(0.0290 + 0.0069 i) , (4.20)
rather close to the value shown in Table 1. Besides being analytical, this result is interesting
because the behaviour of the quasinormal frequencies in the eikonal limit is supposed to be
universal, regardless of the spin of the perturbations. Thus, we expect that the formula above
also predicts the corrections to the gravitational quasinormal frequencies in the eikonal limit.
5 Scalar perturbations of rotating black holes
We now move on to test fields ψ in the rotating black hole backgrounds (3.7), satisfying
∇2ψ = 0 . (5.1)
Since we have the Killing vectors ∂t and ∂φ, we can separate those variables right away by
writing
ψ =
∫ ∞
−∞
dω
∞∑
m=−∞
ei(mφ−ωt)ψm,ω(ρ, x) , (5.2)
so that we have
∇2ψ =
∫ ∞
−∞
dω
∞∑
m=−∞
ei(mφ−ωt)D2m,ωψm,ω , (5.3)
and every component satisfies an equation of the form
D2m,ωψm,ω = 0 . (5.4)
The explicit form of the operator D2m,ω in terms of the Hi functions appearing in the metric
(3.7) is shown in the appendix C. When we insert the values of these functions given by the
solution described in Section 3, we realize that the operator D2m,ω is not separable, i.e., it does
not allow for solutions of the form ψm,ω(ρ, x) = R(ρ)X(x).
5.1 How to separate a non-separable equation
Needless to say, the difficulty of solving a non-separable equation is several orders of magnitude
higher than the separable spherical case above. In this section we present a resolution of this
problem. We start by expanding the perturbation ψm,ω(ρ, x) in a basis of angular functions.
A natural possibility is to expand ψm,ω using the associated Legendre polynomials Pml (x),
ψm,ω =
∞∑
l=|m|
Pml (x)Rl,m(ρ) . (5.5)
Note that when the sum in m in (5.2) is taken into account, we are summing over the spherical
harmonics, Y ml (θ, φ) = e
imφPml (cos θ), which are a basis of functions on the sphere, and hence
– 12 –
this is a valid expansion of the solution. Now if we were to project D2m,ωψm,ω with Pml′ (x)
then we would obtain an infinite-dimensional system of ODEs for the variables Rl,m(ρ). Due
to the smoothness, a numerical solution of a truncated set of these equations would have an
exponential convergence. A more efficient decomposition of the scalar perturbation takes into
account that D2m,ωψm,ω is almost separable, in the sense that its zeroth order part it separable,
and the non-separability comes only from the perturbative corrections. Thus, let us write
D2m,ω = D2(0)m,ω + λD2(1)m,ω , (5.6)
where D2(0)m,ω is the operator corresponding to Kerr and where λ is a parameter that controls
the corrections (e.g., λ = `4). Now, it is a well-known fact that the operator D2(0)m,ω is sepa-
rable, and its angular eigenfunctions are the spheroidal harmonics, Sl,m(x; c), where c = aω.
Thus, we might use, instead of the Pml (x), the Sl,m(x; c) in order to expand the perturbation:
ψm,ω =
∞∑
l=|m|
Sl,m(x; c)Rl,m(ρ) . (5.7)
An important remark here is that, for a fixed m, the spheroidal functions Sl,m are spanned by
the associated Legendre polynomials Pml . In fact, as we review in appendix B, the Sl,m can
be expanded in a series of the form [54]
Sl,m(x; c) =
∞∑
n=|m|
c2(n−|m|)an,mPmn (x) , (5.8)
which converges exponentially fast. Therefore, Eq. (5.7) is perturbatively equivalent to a
rewriting of (5.5), and hence a valid expansion, since we are spanning the whole set of functions
on the sphere.
The zeroth-order operator D2(0)m,ω is given by
D2(0)m,ωψ =
1
Σ
∂ρ (∆∂ρψ) +
1
Σ
∂x
(
(1− x2)∂xψ
)
(5.9)
− ψ
∆Σ
[
(Σ− 2Mρ)m2
(1− x2) + 4Maρmω −
(
2Mρa2 +
Σ(ρ2 + a2)
(1− x2)
)
ω2
]
, (5.10)
Acting on the function (5.7) yields
D2(0)m,ωψm,ω =
1
Σ
∑
l
Sl,m(x; c)
(
D2(0)m,ω,ρ −Al,m(c)
)
Rl,m(ρ) , (5.11)
where we have taken into account the equation satisfied by the spheroidal harmonics,
(
1− x2)S′′l,m − 2xS′l,m + (Al,m(c) + c2x2 − m21− x2
)
Sl,m = 0 . (5.12)
– 13 –
where c ≡ aω and Al,m(c) are the angular separation constants, corresponding to the eigen-
values of the previous equation. On the other hand, D2(0)m,ω,ρ is the radial operator given
by
D2(0)m,ω,ρR =
d
dρ
(
∆
dR
dρ
)
+
R
∆
(
a2m2 − 4amMρω + ω2(ρ4 + a2ρ2 + 2a2ρM)) . (5.13)
Then, let us make the following observation: at zeroth-order, the quasinormal modes of
Eq. (5.4) are given by the functions with a definite value of m and l, i.e., each quasinor-
mal mode contains a single term in the expansion (5.7) above. Once the corrections are
included, we expect that the quasinormal modes will contain all the possible terms in the
series due to the non-separability of the equation. However, since they will be given by the
zeroth-order ones plus a perturbative correction, the possible “off-diagonal” terms will all be
of order λ. Thus, we can single out one term in the l expansion and write
ψm,ω = Sl0,m(x; c)Rl0,m(ρ) + λ
∑
l 6=l0
Sl,m(x; c)Rl,m(ρ) , (5.14)
where we are making explicit that the terms with l 6= l0 are of order λ. Therefore, inserting
this into the equation (5.4), using (5.11), and neglecting quadratic terms in λ, we have
(ρ2 + a2x2)D2m,ωψm,ω = Sl0,m(x; c)
(
D2(0)m,ω,ρ −Al0,m(c)
)
Rl0,m(ρ) (5.15)
+ λ(ρ2 + a2x2)D2(1)m,ω (Sl0,m(x; c)Rl0,m(ρ)) (5.16)
+ λ
∑
l 6=l0
Sl,m(x; c)
(
D2(0)m,ω,ρ −Al,m(c)
)
Rl,m(ρ) +O(λ2) . (5.17)
Finally, taking in account that the spheroidal harmonics with the same m are orthogonal,6
〈Sl,m|Sl′,m〉 = δll′ , projecting onto Sl0,m(x; c) yields one radial equation that only involves
Rl0,m(ρ): (
D2(0)m,ω,ρ −Al0,m(c)
)
Rl0,m(ρ) (5.18)
+ λ
∫ 1
−1
dxSl,m(x; c)(ρ
2 + a2x2)D2(1)m,ω (Sl0,m(x; c)Rl0,m(ρ)) = 0 . (5.19)
This can also be written, without the need to split the operator D2m,ω, as∫ 1
−1
dxSl,m(x; c)(ρ
2 + a2x2)D2m,ω (Sl,m(x; c)Rl,m(r)) = 0 . (5.20)
Expressed in an even more compact way, we have essentially proven that the radial operator
obtained from the projection D2l,m,ω = 〈Sl,m|(ρ2 + a2x2)D2m,ω|Sl,m〉 actually gives a consistent
equation. Thus, the solutions of this equation will provide us with the quasinormal frequencies
at first order in λ.
6There are other possible conventions for the spheroidal harmonics but we will use this normalization.
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Before passing to the next subsection, let us clarify that in this analysis we are not
making any assumption yet on Rl,m. That is, we are not assuming that it can be decomposed
as R(0)l,m + λR
(1)
l,m — such decomposition is assumed only on the coefficients of the angular
expansion. However, another way to derive the corrections to the quasinormal modes consists
precisely in decomposing the scalar field as ψ = ψ(0) +λψ(1), and similarly with the frequency
ω = ω(0) + λω(1), and to perform a perturbative treatment in λ. In that case, one can derive
an explicit formula for ω(1), analogous to the one obtained in perturbation theory of quantum
mechanics:
ω(1) ∼ −
〈ψ(0)|D2(1)|ψ(0)〉
〈ψ(0)|∂ωD2(0)|ψ(0)〉
(5.21)
This result was derived in [36] and later used in [37] in order to obtain the quasinormal
frequencies of weakly charged Kerr-Newman black holes. However, one difficulty with this
method is that the quasinormal modes ψ(0) are not normalizable, and in order to define the
inner products one has to extend the integral to the complex plane. It would be interesting to
explore this method elsewhere in order to compute higher-derivative corrections to the Kerr
QNFs. Here we will base our analysis on the method that we have explained before, from
where we can extract effective potentials for the perturbations, as we now show.
5.2 Effective potentials
To proceed, we must perform the integral in (5.20) in order to get an effective radial equation
for the QNMs. To do so, we expand the spheroidal functions Sl,m(x; c) in a power series
in c — see Appendix B — and then expand the integrand simultaneously in c and in χ.
This is doubly convenient since our solution for the Hi functions in the metric (3.7) is also
expressed as a series in χ. Let us also note that, although c = χMω, it is convenient to keep
an independent expansion for both variables, since, in principle, c could be large even if χ is
small (for instance, this happens in the eikonal limit). When the integrand is expanded in this
way, we are able to perform the integral analytically order by order. The result in all cases is
a second-order equation of the form
A
d2R
dρ2
+B
dR
dρ
+ CR = 0 , (5.22)
where A, B and C are functions of ρ, and we are omitting the l,m subindices in order to
reduce the clutter. Now our task is to bring this equation to the more familiar form of the
stationary, one-dimensional Schrödinger equation, for which we need to remove the friction
term in the equation above. There are two transformations that we can consider: a change of
variable for the radial coordinate y = y(ρ), and a rescaling of R, so that
dy
dρ
= f(ρ) , R = K(ρ)ϕ , (5.23)
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for certain functions K and f , and where ϕ is the new radial function. When we perform
these transformations, the equation (5.22) becomes
Af2K
d2ϕ
dy2
+
dϕ
dy
[
A(f ′K + 2fK ′) +BfK
]
+ ϕ(CK +BK ′ +AK ′′) = 0 , (5.24)
where the primes denote derivatives with respect to ρ, f ′ = df/dρ and so on. Then, in order
to remove the term dϕdy , we see that K and f must satisfy
fK2 = e−
∫
dρB/A . (5.25)
Thus, we have the freedom to fix one of these functions, the other one will then be determined
by the relation above. We find that it is convenient to choose the function f(ρ) so that the
coordinate y has an appropriate definition. We make the following choice
f(ρ) = 1 + k +
2M
ρ− ρ+ , ρ+ = M
(
1 +
√
1− χ2
)
, (5.26)
where k is a constant of the order of the corrections (O(`4) or O(`6)) that we will fix later.
Thus, we get the following relation between y and ρ,
y = ρ(1 + k) + 2M log
(
ρ
ρ+
− 1
)
, (5.27)
so that ρ → ρ+ corresponds to y → −∞. Finally, dividing the equation (5.28) by Af2K, we
can write it in the standard form
d2ϕ
dy2
+
(
ω2 − V (y;ω))ϕ = 0 , (5.28)
where the potential is given by
V (y;ω) = ω2 − (CK +BK
′ +AK ′′)
Af2K
. (5.29)
By expanding everything in a power series of χ and c and linearly in `4 (or `6), it is possible to
calculate the integral (5.25) analytically and to obtain the potential explicitly. The constant
k is then chosen in a way such that V (y;ω) ∼ O(1/y2) when y →∞.7 We note however that
the potential generically tends to a non-zero constant in the opposite limit, y → −∞. This
could be removed by considering a more complicated choice of coordinate y, but at the end
of the day we think our choice is more convenient because it allows us to invert easily the
relation ρ(y). In fact, this relationship can be written in terms of the Lambert function W as
ρ = ρ+ +
2M
1 + k
W
(
ρ+(1 + k)
2M
e
y−ρ+(1+k)
2M
)
. (5.30)
7An arbitrary choice of k leads to V (∞;ω) 6= 0.
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As functions of ρ, the potentials have lengthy but otherwise simple expressions that can
be verified in the ancillary files of this paper. For illustrative purposes let us just show the
general structure of these potentials. First, for each value of l and m they can be decomposed
as the sum of a zeroth-order part plus linear corrections,
V = V (0) +
`4
M4
(
α21V
(α1) + α22V
(α2) + λevV
(ev)
)
. (5.31)
Then, each of these parts V (i) is decomposed in a series in χ and c = Mωχ:
V (i) =
∑
q,p
χqcpV (i)qp . (5.32)
Finally, each of the terms V (i)qp is a finite polynomial in 1/ρ where the coefficients are quadratic
polynomials in ω, hence they have the form
V (i)qp =
1
M2
jmax∑
j=0
M j
ρj
(
v
(i)
qpj + u
(i)
qpjMω + w
(i)
qpj(Mω)
2
)
, (5.33)
where v(i)qpj , u
(i)
qpj , w
(i)
qpj are constant, dimensionless coefficients.
6 Quasinormal frequencies of rotating black holes
Since the potentials V do not vanish in the limit y → −∞, the quasinormal modes correspond
to the solutions of (5.28) satisfying the following boundary conditions
ϕ ∝
{
eiωy when y →∞
e−i
√
ω2−V (−∞;ω)y when y → −∞ .
(6.1)
We realize that if for some ω we had ω2 − V (−∞;ω) = 0 we could have a problem. However,
it turns out that V (−∞;ω) = pω2 for a certain constant p. One can check that p < 0 as long
as the corrections are small, hence we never run into a zero in the square root.
6.1 O(`4) corrections
The first thing that we note when computing the effective potentials for the theories in (2.2)
is that they are independent of the parameters θm and λodd, so parity-breaking terms in the
effective action do not contribute to the scalar QNMs. Since we are only interested in the
linear corrections to the quasinormal frequencies, we can write
Mωl,m,n = Mω
(0)
l,m,n +
`4
M4
(
α21∆ω
(1)
l,m,n + α
2
2∆ω
(2)
l,m,n + λev∆ω
(ev)
l,m,n
)
, (6.2)
where n labels the overtone. The main difference with respect to the static case is that now
the degeneracy in m is broken, and that the coefficients ∆ω(i)l,m,n are not constant anymore,
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but functions of the spin χ. In order to obtain the values of these coefficients along with the
Kerr quasinormal frequencies ω(0)l,m,n, we compute the quasinormal frequencies of the effective
potentials derived in the previous section for various values of the couplings α21, α22 and λev,
and then we perform a linear fit of the formula (6.2) to the data. Given the complicated
form of these potentials, we are not able to employ standard methods valid for the Kerr case,
such as Leaver’s continued fraction method [33–35], which seems to be the most powerful
one — see [17] and references therein. We find that the most accurate way to obtain the
quasinormal frequencies — at least when l is not large — consists in performing a numeric
integration of the wave equation (5.28) — see appendix A. This method allows us to compute
the fundamental quasinormal frequencies (n = 0) with high precision — we have checked that
our results for the Kerr QNFs ω(0)l,m,n agree at least up to 5 digits with the values provided in
[55] — but obtaining the overtones proves to be much more difficult. Thus, we will focus only
on the fundamental modes, which, on the other hand, are the most relevant ones during the
ringdown.
Besides the intrinsic errors of the method used to compute the quasinormal frequencies
— which we can always keep small if we are careful enough —, we have to account for the
error committed due to the χ-expansion of the potentials. If the spin is small, we expect that
only a few terms suffice to produce an accurate result. The higher we want to go in the spin,
the more terms we need to add. For instance, when the corrections are set to zero, we have
checked that an expansion up to order χ14 yields an approximation to the Kerr QNFs with
an error below 0.1% for χ = 0.8 (and an increasingly better approximation for smaller χ).
However, it turns out that in order to correctly capture the corrections to the Kerr QNFs we
need more accuracy, and indeed, we observe that for an expansion up to order χ14 the results
for the coefficients ∆ω(i)l,m,n are only good enough for χ ≤ 0.6 − 0.7, depending on the case.
We will restrict ourselves to those values of the spin, but it would be desirable — with higher
computational power — to go to larger values of χ. The analysis will nevertheless break near
extremality, χ ∼ 1, in whose case one would need to use a different approach in order to obtain
the corrections to the Kerr metric.
Let us now present our results.
6.1.1 Low l
It is expected that the mode with l = m = n = 0 is the dominant one after the scalar field is
perturbed in the vicinity of the horizon, and hence it deserves special attention. This mode
is also the one less affected by rotation. In Table 2 we show the values of these quasinormal
frequencies for various values of χ. Together with those values we find, as usual, the symmetric
frequencies by changing the sign of the real parts. As a consistency check, we see that the
coefficients ∆ω(i)0,0,0 for χ = 0 agree (up to a 1% of discrepancy) with those shown in Table 1
corresponding to the static case. This is indeed a good test of our computations, since the
potentials used in each case are actually different due to the different choice of “tortoise
coordinate”.
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χ Mω
(0)
0,0,0 ∆ω
(1)
0,0,0 ∆ω
(1)
0,0,0 ∆ω
(ev)
0,0,0
0 0.110454− 0.104897 i 0.0516 + 0.00135 i 0 + 0 i 0.0261 + 0.0153 i
0.1 0.110532− 0.104801 i 0.0517 + 0.00161 i 0.00031 + 0.00000 i 0.0260 + 0.0153 i
0.2 0.110767− 0.104512 i 0.0517 + 0.00239 i 0.00126 + 0.00000 i 0.0255 + 0.0154 i
0.3 0.111157− 0.104008 i 0.0517 + 0.00374 i 0.00296 + 0.00006 i 0.0247 + 0.0155 i
0.4 0.111699− 0.103253 i 0.0516 + 0.00570 i 0.00564 + 0.00023 i 0.0235 + 0.0155 i
0.5 0.112381− 0.102183 i 0.0513 + 0.00837 i 0.00967 + 0.00070 i 0.0218 + 0.0154 i
0.6 0.113172− 0.100698 i 0.0508 + 0.01183 i 0.01574 + 0.00180 i 0.0183 + 0.0152 i
Table 2. Fundamental quasinormal frequencies (n = 0) for l = m = 0 and several values of the spin
χ. Changing the sign of the real parts produces another quasinormal frequency.
In order to understand the behaviour of these frequencies it is most useful to plot them. In
Fig. 2 we show the trajectory in the complex plane of the uncorrected quasinormal frequency
ω
(0)
0,0,0 and of the correction coefficients ∆ω
(i)
0,0,0. As we can observe, the zeroth-order value
does not vary much as we increase the spin, while the effect can be more important on the
corrections. In particular, the correction associated to α2 becomes non-vanishing when χ 6= 0,
and both its real and imaginary parts are monotonically increasing with χ. In the case of the
α1 correction, we see that its real part barely changes, while its imaginary part is increased
by a factor of 9 when we go from χ = 0 to χ = 0.6. As for ∆ω(ev)0,0,0, its imaginary part remains
practically constant, while the the real part does have a significant variation. Thus, depending
on the spin the effect of the corrections can be more or less relevant. Let us also note that, in
the case of the corrections coming from the quadratic curvature terms the sign is fixed, since
the corrections are proportional to α21,2. Therefore, we see that they always tend to make the
quasinormal modes longer-lived and of higher frequency. If we could extrapolate these results
to black holes of small enough masses, this would imply that at some point the imaginary
part of ω0,0,0 would become positive, hence we would find an instability. Of course, this would
be well beyond the perturbative regime we are considering, so we cannot conclude that such
instability will occur. On the other hand, the effect of the cubic curvature terms can be the
same as for scalars (λev > 0) or the opposite one (λev < 0).
It is also interesting to fit the numeric results to polynomial functions in χ, so that we
can obtain a compact expression for the quasinormal frequencies valid for arbitrary values of
the spin. We note the effect of the spin is quadratic, this is, the different quantities behave
as ω(χ) = ω0 + χ2ω2 + . . ., when χ is small — linear terms in χ will generically appear when
m 6= 0 — so it seems appropriate to fit the results to a polynomial in χ2. Taking this into
account, we obtain the following fits including three terms
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Figure 2. Trajectories in the complex plane of the Kerr quasinormal frequency ω(0)0,0,0 and of the
correction coefficients ∆ω(i)0,0,0. The dependence in the spin is labeled by the color code (note that the
maximum spin represented in each case is different).
Mω
(0)
0,0,0 =(0.110452 − 0.104892i) + (0.007977 + 0.009137i)χ2 − (0.001109 − 0.006895i)χ4 ,
∆ω
(1)
0,0,0 =(0.05166 + 0.001347i) + (0.001030 + 0.02572i)χ
2 − (0.0101 − 0.00949i)χ4 ,
∆ω
(2)
0,0,0 =0.03043χ
2 + (0.02432 + 0.005049i)χ4 + (0.0350 + 0.0243i)χ6 ,
∆ω
(ev)
0,0,0 =(0.02605 + 0.01529i)− (0.01121 − 0.002620i)χ2 − (0.0257 + 0.00835i)χ4 . (6.3)
In the case of ∆ω(2)0,0,0 we have forced the constant term to vanish and we have also made
explicit that the imaginary part behaves as ∼ χ4 for small χ. These functions approximate
very well the numeric values of the quasinormal frequencies in the interval 0 ≤ χ ≤ 0.6 (the
maximum value of the residuals is of the order of 1%), and they probably yield a good estimate
for slightly higher values.
The case of l = 0 is relevant becase, as we remarked, it would correspond to the dominant
mode of scalar perturbations. Nevertheless, it is interesting to study also the quasinormal
modes for l > 0, since they develop a rich structure which is not appreciated in the case
of l = 0. In particular, the frequencies with different m split, and in addition the effect of
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Figure 3. Trajectories in the complex plane of the Kerr quasinormal frequencies ω(0)l,m,0 for l = 1 and
m = −1, 0, 1, and of the correction coefficients ∆ω(i)l,m,0. The dependence in the spin is labeled by the
color code (note that the maximum spin represented in each case is different).
rotation becomes increasingly relevant for larger l and m. Besides, the results for l > 0 can
serve as an approximation to the quasinormal frequencies of higher spin fields.
The corrected quasinormal frequencies ωl,m,n still satisfy the symmetry
ωl,m,n(χ) = ωl,−m,n(−χ) . (6.4)
This symmetry is expected to be broken in parity-violating theories, but we have seen that
such effects never appear in the case of scalar perturbations. On the other hand, as in the
Kerr case, there there is a set of frequencies ωl,m,n with positive real part and another set
ωˆl,m,n with negative real part, but both are related by the simple relation
ωˆl,m,n = −ω∗l,−m,n . (6.5)
Therefore, we can restrict ourselves to χ ≥ 0 and to QNFs with positive real part. In Fig. 3
we plot the trajectories in the complex plane of the zeroth-order quasinormal frequencies and
of the correction coefficients for l = 1, while in Fig. 4 we show the corresponding plots for
l = 2. Here the O(χ14) expansion of the potentials gives us a good result up to χ ∼ 0.7,
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Figure 4. Trajectories in the complex plane of the Kerr quasinormal frequencies ω(0)l,m,0 for l = 2 and
m = −2,−1, 0, 1, 2, and of the correction coefficients ∆ω(i)l,m,0. The dependence in the spin is labeled
by the color code.
except for ∆ω(ev)1,m,0 which seems to be accurate enough only for χ ≤ 0.625. On the other hand,
polynomial fits of the quasinormal frequencies are provided in appendix D.
As we can see from the plots, we correctly reproduce the behaviour of the uncorrected
Kerr frequencies with the characteristic splitting of the different m modes. On the other
hand, the shift introduced in the quasinormal frequencies due to the the corrections has a
great variability as a function of m and χ. Thus, the effect of the corrections can be several
times larger or smaller depending on the value of the spin, and in general, the mode with
m = l sign (χ) seems to be the most affected one. We can appreciate that the curves followed
in the complex plane by each type of correction have an overall pattern that does not change
much as we vary l. By increasing the value of l, we have observed that the trajectories have a
similar behaviour to those in Figs. 3 and 4 but with an increasing number of lines in between
(corresponding, naturally, to the increasing number of values of m).
In the case of l = 2, the Kerr’s gravitational quasinormal frequencies are not too different
from the scalar ones, and indeed they have a similar trajectory in the complex plane. There-
fore, we might expect that the corrections to the gravitational quasinormal frequencies will
follow trajectories similar to those shown in Fig. 4, at least in qualitative terms. In regard to
– 22 –
this, it can be interesting to analyze the ratios ωR
ω
(0)
R
, ωI
ω
(0)
I
, between the real and imaginary parts
of the quasinormal frequencies and their corresponding values for Kerr. Assuming that these
ratios do not change much with the spin of the perturbations, this would be a way to obtain a
rough estimate for the gravitational quasinormal frequencies. Focusing on the dominant mode
l = 2, m = 2, we find the following expressions for these ratios after fitting the numerical
data:
ωR
ω
(0)
R
= 1 + 0.0264λˆ+ 0.2160αˆ21 +
(
0.0745λˆ+ 0.2434αˆ21 − 0.1101αˆ22
)
χ
+
(
−0.0109λˆ+ 0.0893αˆ21 + 0.0357αˆ22
)
χ2 +
(
0.3387λˆ− 0.2379αˆ21 − 0.6590αˆ22
)
χ3
+
(
−1.0002λˆ+ 0.5816αˆ21 + 2.0828αˆ22
)
χ4 +
(
1.4728λˆ− 0.6561αˆ21 − 3.0440αˆ22
)
χ5
+
(
−0.7340λˆ− 0.0579αˆ21 + 1.4510αˆ22
)
χ6 , (6.6)
ωI
ω
(0)
I
= 1− 0.1034λˆ− 0.0823αˆ21 +
(
−0.2178λˆ− 0.0586αˆ21 + 0.4619αˆ22
)
χ
+
(
−0.1653λˆ+ 0.4022αˆ21 + 0.7111αˆ22
)
χ2 +
(
−0.2023λˆ− 3.4773αˆ21 − 1.8926αˆ22
)
χ3
+
(
0.1605λˆ+ 12.337αˆ21 + 8.9607αˆ
2
2
)
χ4 +
(
−0.3331λˆ− 19.8908αˆ21 − 14.7249αˆ22
)
χ5
+
(
−0.0233λˆ+ 13.4036αˆ21 + 11.1683αˆ22
)
χ6 , (6.7)
where we have introduced the hatted quantities
λˆ = λev
`4
M4
, αˆ21 = α
2
1
`4
M4
, αˆ22 = α
2
2
`4
M4
. (6.8)
These expressions reproduce very well the numeric results obtained for 0 ≤ χ ≤ 0.7, and they
probably yield a reasonably good approximation for even larger values of χ. A profile of these
ratios for particular values of the couplings is shown in Fig 5. Now the question is whether
the quasinormal frequencies of gravitational perturbations, compared to their respective Kerr
counterparts, will yield similar ratios. If this were the case, then we could simply estimate the
gravitational frequencies by using ωgravR ∼ ωgrav,(0)R × (ωscalarR /ωscalar,(0)R ), and similarly for the
imaginary part. We cannot provide a definitive answer to this question, but nevertheless we
can try to test this formula for particular cases. Unfortunately, to the best of our knowledge,
gravitational quasinormal modes of rotating black holes have not been studied yet in any of
the models that our theory (2.2) contains. On the other hand, the quasinormal frequencies of
static black holes in Einstein-dilaton-Gauss-Bonnet gravity — which is contained in (2.2) —
are known. The perturbative and non-perturbative regimes of these quasinormal modes were
studied in Ref. [20] for both axial and polar perturbations. In the case of axial perturbations,8
8Polar ones behave differently because they couple to the scalar field.
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Figure 5. Ratios between the corrected quasinormal frequencies ωl,m,0 and the corresponding Kerr
values ω(0)l,m,0 for l = m = 2. Left: ratios of the real parts. Right: ratios of the imaginary parts. Each
line represents the result when only the indicated coupling has a non-vanishing value. In the general
case, the corresponding curve is a linear combinations of the ones we represent.
the following result was found for the l = 2, m = 2 fundamental mode,910
ωaxialR
ω
axial,(0)
R
= 1 + 0.1603αˆ21 ,
ωaxialI
ω
axial,(0)
I
= 1− 0.0828αˆ21 . (6.9)
Comparing with our formulas (6.6) and (6.7), we see that the result is indeed quite close — for
the imaginary part it is almost coincident. Therefore, it would seem that these ratios can be
used to get, at least, an order-of-magnitude estimate for the corrections to the gravitational
quasinormal frequencies.
6.1.2 High l: analytic approximations
As discussed for a non-rotating black hole, approximate analytic methods such as using an
effective Pöschl-Teller approximation or the WKB method become more effective for large l.
On the one hand, an analytic estimate may serve as a check of our numerical computations.
On the other, these methods allow to compute higher overtones easily, although here we will
only focus on the fundamental modes. The WKB and PT methods provide explicit expressions
for the quasinormal frequencies in terms of the parameters of the potential, but in the case
of a rotating black hole obtaining these frequencies becomes more difficult as the potential
has a further nontrivial ω dependence. For instance, in (4.17) this means V0 and α are still
ω-dependent, and the remaining algebraic equation still needs to be solved. Nevertheless, it
is still possible to solve that equation explicitly by performing a perturbative expansion in
9In our conventions we have ζ = 4αˆ1.
10We believe there is a typo in Table I of [20]: the entry corresponding to R2 and l = 2 should be 1.002×10−2.
Note that the values of ωaxialR and ωaxialI that we write are the same ones as in [11].
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χ. This is in fact a consistent strategy taking into account that our effective potentials are
expressed as a series expansion in the spin.
As an example, replacing the l = 5, m = 5 potential by a Pöschl-Teller one, we get the
following approximation for corresponding n = 0 quasinormal frequency (up to order χ3):
Mω5,5,0
∣∣∣
PT
= (1.061− 0.097i) + (0.381 − 0.001i)χ+ (0.195 + 0.007i)χ2 + (0.120 + 0.007i)χ3
+
α21`
4
M4
(
(0.221 + 0.007i) + (0.367 + 0.005i)χ+ (0.213 + 0.002i)χ2 + (0.076 − 0.007i)χ3)
+
α22`
4
M4
χ
(−(0.142 + 0.0472i)− (0.104 + 0.059i)χ− (0.053 + 0.054i)χ2)
+
λev`
4
M4
(
(0.029 + 0.007i) + (0.0881 + 0.021i)χ+ (0.055 + 0.023i)χ2 + (0.023 + 0.018i)χ3
)
.
(6.10)
It is possible to obtain the analytic values of the coefficients in the expression above, but for
practical purposes we are showing only the numeric values with a few digits.
We note that although this corresponds roughly to (4.20) for χ = 0, it is not exactly
equal because of the different choice of “tortoise coordinate”. This Pöschl-Teller approxima-
tion can be generalized to use instead the Rosen-Morse potential, reviewed in Appendix A,
to accommodate better the structure of the effective potentials. The Rosen-Morse potential
contains one additional parameter that allows to set different asymptotic values of the poten-
tial. We recall that our effective potentials (5.29) generically have a non-vanishing value at
y → −∞, and hence in principle the RM method should provide a better approximation of
the quasinormal frequencies. Solving (A.11) perturbatively for l = 5, m = 5 one finds
Mω5,5,0
∣∣∣
RM
= (1.061− 0.097i) + 0.370χ+ (0.190 + 0.007i)χ2 + (0.117 + 0.007i)χ3
+
α21`
4
M4
(
(0.215 + 0.008i) + (0.354 + 0.008i)χ+ (0.205 + 0.003i)χ2 + (0.077 − 0.010i)χ3)
+
α22`
4
M4
χ
(−(0.126 + 0.049i)− (0.089 + 0.062i)χ− (0.043 + 0.053i)χ2)
+
λev`
4
M4
(
(0.028 + 0.008i) + (0.082 + 0.022i)χ+ (0.049 + 0.024i)χ2 + (0.021 + 0.017i)χ3
)
.
(6.11)
As a final approximation, we also calculate the leading order WKB approximation (effectively
the "Bohr-Sommerfeld quantization rule") [17], which yields the following equation for the
QNFs
ω2 − V0√−2V ′′0 = i(n+ 12) , (6.12)
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where V ′′0 is the second derivative of the potential at the peak, and n = 0, 1, 2, ... is the overtone
index. In the same example l = 5, m = 5, this leads to
Mω5,5,0
∣∣∣
WKB
= (1.070− 0.096i) + 0.374χ+ (0.194 + 0.008i)χ2 + (0.119 + 0.007i)χ3
+
α21`
4
M4
(
(0.217 + 0.008i) + (0.361 + 0.007i)χ+ (0.215 + 0.003i)χ2 + (0.081 − 0.010i)χ3)
+
α22`
4
M4
χ
(−(0.132− 0.048i)− (0.010 + 0.062i)χ− (0.051 + 0.053i)χ2)
+
λev`
4
M4
(
(0.028 + 0.008i) + (0.084 + 0.021i)χ+ (0.054 + 0.024i)χ2 + (0.023 + 0.017i)χ3
)
,
(6.13)
for the fundamental mode, but higher overtones can be easily computed as well.11
Although all these approximations are roughly in correspondence with each other, they
nevertheless have differences in excess of 10% in some of the coefficients, especially for higher
orders of χ. In Fig. 13 (in the appendix), we illustrate the relative error of Mω(0)5,5,0, ∆ω
(1)
5,5,0,
∆ω
(2)
5,5,0, ∆ω
(ev)
5,5,0 based on the analytic estimates in (6.10), (6.11), (6.13) compared to the nu-
merical results. It can be seen that the Rosen-Morse approach performs best overall, with the
WKB giving comparably good results for the corrections, while the Pöschl-Teller approxima-
tion is significantly worse.
These approximate methods become more precise as we increase l. For comparison with
the approach of the next section, let us also show the perturbative solution in the case of
l = 10, m = 10. Based on the conclusion that the Rosen-Morse potential is most effective, we
restrict ourselves to this approximation, which yields
Mω10,10,0
∣∣∣
RM
= (2.022− 0.096i) + 0.741χ+ (0.385 + 0.007i)χ2 + (0.240 + 0.007i)χ3
+
α21`
4
M4
(
(0.408 + 0.008i) + (0.700 + 0.009i)χ+ (0.410 + 0.002i)χ2 + (0.138 − 0.012i)χ3)
+
α22`
4
M4
χ
(−(0.255 + 0.050i)− (0.171 + 0.069i)χ− (0.078 + 0.062i)χ2)
+
λev`
4
M4
(
(0.055 + 0.007i) + (0.163 + 0.021i)χ+ (0.088 + 0.025i)χ2 + (0.019 + 0.019i)χ3
)
.
(6.14)
6.1.3 Eikonal limit and lightring geodesics
In the eikonal limit l → ∞, the quasinormal frequencies are expected to be related to the
unstable null geodesics around the black hole. Thus, the orbital frequencies of these geodesics
control the real frequencies, while the damping time is determined by the Lyapunov exponents.
The quasinormal ringing/null geodesics correspondence for general m modes in Kerr black
holes is quite complicated — see Ref. [56]. However, the m = ±l cases are much simpler, as
11Note that due to the non-trivial dependence of the potential on ω, the solution depends on n in a compli-
cated way.
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they only involve geodesics in the equatorial plane. In particular, for the m = l mode, the
frequencies are given by [31, 57, 58]
ωl,l,n =
(
l +
1
2
)
Ω+ − i
(
n+
1
2
)
|λ| , (6.15)
where Ω+ is the orbital frequency of the equatorial null geodesic rotating in the positive
direction, while λ is the corresponding Lyapunov exponent measuring the instability timescale
of the geodesic. The details on how to obtain these quantities can be found e.g. in [58]. The
corresponding value for the m = −l mode can be found simply by exchanging the sign of
χ in the expression above, ωl,−l,n(χ) = ωl,l,n(−χ). The orbital frequency and the Lyapunov
exponent for the black holes in the theory (2.2) can be found analytically performing an
expansion in χ [16]. The result can be written as
Ω+ = Ω
(0)
+ +
`4
M5
(
α21Ω
(1)
+ + α
2
2Ω
(2)
+ + λevΩ
(ev)
+
)
, (6.16)
λ = λ(0) +
`4
M5
(
α21λ
(1) + α22λ
(2) + λevλ
(ev)
)
, (6.17)
where the different quantities have the following expansions in χ (up to order χ8)
MΩ
(0)
+ =
1
3
√
3
+
2χ
27
+
11χ2
162
√
3
+
2χ3
81
+
523χ4
17496
√
3
+
254χ5
19683
+
16543χ6
944784
√
3
+
4354χ7
531441
+
2408051χ8
204073344
√
3
, (6.18)
Ω
(1)
+ =
4397
65610
√
3
+
20596χ
295245
+
1028803χ2
14467005
√
3
+
45262543χ3
3906091350
− 3685587061χ
4
328111673400
√
3
− 110632797883χ
5
5413842611100
− 910228742414947χ
6
17151053391964800
√
3
− 15449837941866829χ
7
401334649371976320
− 11134828406941279099χ
8
143477137150481534400
√
3
, (6.19)
Ω
(2)
+ =−
131χ
5103
− 11047χ
2
381024
√
3
− 9491513χ
3
1388832480
− 19022279χ
4
925888320
√
3
− 353193404087χ
5
23099061807360
− 2452581602509χ
6
63522419970240
√
3
− 5958423964756267χ
7
222963694095542400
− 37265277503432903χ
8
668891082286627200
√
3
, (6.20)
Ω
(ev)
+ =
20
2187
√
3
+
320χ
19683
+
26749χ2
1928934
√
3
− 12967χ
3
104162436
− 4415651χ
4
1249949232
√
3
− 3101153χ
5
937461924
− 33998483χ
6
6629195034
√
3
− 18127693795χ
7
6682228594272
− 601383641851χ
8
173737943451072
√
3
. (6.21)
Mλ(0) =
1
3
√
3
− 2χ
2
81
√
3
− 10χ
3
729
− 44χ
4
2187
√
3
− 191χ
5
19683
− 836χ
6
59049
√
3
− 61χ
7
8748
− 16636χ
8
1594323
√
3
,
(6.22)
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λ(1) =− 1843
65610
√
3
− 40χ
2187
− 58879χ
2
19289340
√
3
+
34963739χ3
1302030450
+
101574788537χ4
1312446693600
√
3
+
23802643939χ5
433107408888
+
900673269063947χ6
8575526695982400
√
3
+
1387887433593317χ7
22051354361097600
+
4930958596510920137χ8
44146811430917395200
√
3
, (6.23)
λ(2) =
230χ
2187
+
678569χ2
2571912
√
3
+
196638109χ3
1388832480
+
5614994047χ4
24998984640
√
3
+
7708776117503χ5
69297185422080
+
3929424844884557χ6
22868071189286400
√
3
+
46142799714903611χ7
535112865829301760
+
362024510543473937χ8
2675564329146508800
√
3
,
(6.24)
λ(ev) =− 52
2187
√
3
− 32χ
729
− 88097χ
2
964467
√
3
− 1548863χ
3
34720812
− 40153453χ
4
624974616
√
3
− 18431767χ
5
624974616
− 15457985849χ
6
371234921904
√
3
− 5846574233χ
7
303737663376
− 52186447127χ
8
1909208169792
√
3
. (6.25)
It can be checked that these expansions are convergent for |χ| < 1, and the truncation up to
order 8 is a good approximation for |χ| ≤ 0.7. Now we can compare these results with the
expressions found for the quasinormal frequencies using approximate methods. Taking the
numeric values for the l = m = 10, n = 0 mode, we see that the first terms in χ read
Mω10,10,0
∣∣∣
LR
= (2.021− 0.096i) + 0.778χ+ (0.412 + 0.007i)χ2 + (0.259 + 0.007i)χ3
+
α21`
4
M4
(
(0.406 + 0.008i) + (0.732 + 0.009i)χ+ (0.431 + 0.001i)χ2 + (0.122 − 0.013i)χ3)
+
α22`
4
M4
χ
(−(0.270 + 0.053i)− (0.177 + 0.076i)χ− (0.072 + 0.071i)χ2)
+
λev`
4
M4
(
(0.055 + 0.007i) + (0.171 + 0.022i)χ+ (0.084 + 0.026i)χ2 + (−0.001 + 0.022i)χ3) .
(6.26)
We observe that the coefficients in this expansion are quite close to the ones in (6.14), obtained
from the Rosen-Morse approximation of the effective potential. There are some differences
as we go to higher orders in the χ-expansion, but these can be explained on account of the
various expansions and approximations involved in (6.14) and in the fact that the convergence
for l → ∞ is slow. This example shows explicitly that the eikonal quasinormal frequencies
are in fact linked to the photon-sphere geodesics and that they can be computed using (6.15).
Indeed, comparing with the numerics one can see that the eikonal formula already provides
a reasonable approximation even for the l = 2 modes. On the other hand, the fact that we
obtain consistent results is a good test of the validity of the procedure explained in Sec. 5.
However, the correspondence between quasinormal ringing and unstable lightring geodesics
should be taken with care because it might not hold in general. For instance, we have seen
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that parity-odd interactions do not affect the effective potentials for scalar perturbations,
and hence they do not modify the quasinormal frequencies. However, those terms do affect
geodesics, and in fact there are no equatorial geodesics whenever they are non-vanishing — in
order to compute the lightring geodesics we have set the parity-breaking parameters to zero.
It would be interesting to study what happens when such terms are non-vanishing. Hopefully
they will modify the orbital frequency and Lyapunov exponents only at a non-linear level, so
that the correspondence with quasinormal frequencies is still valid.
6.2 O(`6) corrections
Let us now present, in a less detailed way, the results for the quasinormal frequencies associated
with the quartic corrections given in (2.3). These appear at order O(`6), and hence they are
subleading whenever the corrections studied in the previous section are non-vanishing. In
this case, the higher-curvature term controlled by the parameter 3 is parity-breaking, and
therefore it does not affect the scalar quasinormal frequencies. Thus, we can write
Mω = Mω(0) +
`6
M6
(
1∆ω
(1) + 2∆ω
(2)
)
. (6.27)
For the few first values of l we obtain the fundamental quasinormal frequencies by performing
a numerical integration of the wave equation. We find that the convergence of the χ-expansion
of the effective potentials seems to be slower than in the case of the O(`4) corrections, and
thus, with an O(χ14)-expansion we have been able to obtain a reliable result only up to
χ ∼ 0.6, depending on the case. In Fig. 6 we show the trajectories in the complex plane of
the coefficients ∆ω(1) and ∆ω(2) for l = 0, 1, 2 and all the values of m. We can observe that
the corrections associated with 2 are always vanishing for χ = 0.
Polynomial fits of these coefficients are provided in appendix D, but for the sake of com-
pleteness let us study here the value of the quotients ωR/ω
(0)
R , ωI/ω
(0)
I for the l = m = 2
mode, analogously as we did for the O(`4) corrections. After fitting the numerical data, we
find that these ratios are given by
ωR
ω
(0)
R
=1 + 0.0454ˆ1 + (0.1723ˆ1 + 0.0289ˆ2)χ+ (−0.1009ˆ1 + 0.0294ˆ2)χ2
+ (−0.1479ˆ1 + 0.5443ˆ2)χ3 + (−0.6853ˆ1 − 1.7375ˆ2)χ4 + (1.4074ˆ1 + 3.6973ˆ2)χ5
+ (−2.3075ˆ1 − 3.5189ˆ2)χ6 , (6.28)
ωI
ω
(0)
I
=1− 0.4547ˆ1 + (−0.6693ˆ1 + 0.5821ˆ2)χ+ (0.8751ˆ1 + 1.653ˆ2)χ2
+ (−8.1031ˆ1 − 6.0783ˆ2)χ3 + (36.0175ˆ1 + 28.78ˆ2)χ4 + (−66.4961ˆ1 − 53.8109ˆ2)χ5
+ (54.9416ˆ1 + 44.3289ˆ2)χ
6 , (6.29)
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Figure 6. Trajectories in the complex plane of the correction coefficients ∆ω(1)l,m,0 and ∆ω
(2)
l,m,0 as
defined in (6.27). From top to bottom we show the cases l = 0, 1, 2 for all the values of m. The
dependence in the spin is labeled by the color code.
where we have introduced
ˆ1 = 1
`6
M6
, ˆ2 = 2
`6
M6
. (6.30)
These expressions fit accurately the numerical values obtained in the interval 0 < χ < 0.6, and
presumably provide a good approximation for somewhat larger values. Now, in the static case
we can compare these results with the ones obtained for gravitational perturbations in [24].
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The first thing we note is that the two different gravitational modes receive different correc-
tions, but we may expect that at least one of them is corrected similarly as the scalar modes.
This is indeed what we observed before in the case of the corrections to axial (parity-odd)
quasinormal frequencies in Einstein-scalar-Gauss-Bonnet gravity — see the discussion around
Eq. (6.9). For the quartic theories in Eq. (2.3), we could expect axial perturbations associated
to 1 and polar perturbations associated to 2 to be relatively similar to the scalar ones.12
We observe that, in fact, the parameter 2 does not modify polar modes, in analogy with
the situation for scalar modes. However, the corrections to the axial quasinormal frequencies
associated to 1 do not resemble the scalar ones we show above. The discrepancy nevertheless
seems to decrease as we increase l — see below — so at least we will have some similarity for
large enough l.
Regarding eikonal modes, it is possible to perform again an analysis of lightring geodesics
and to find the quasinormal frequencies using (6.15). In this case the orbital frequencies and
the Lyapunov exponents can be written as
Ω+ = Ω
(0)
+ +
`6
M7
(
1Ω
(1)
+ + 2Ω
(2)
+
)
, λ = λ(0) +
`6
M7
(
1λ
(1) + 2λ
(2)
)
, (6.31)
where, up to order χ8, the coefficients Ω(1,2)+ and λ(1,2) are given by
Ω
(1)
+ =
832
59049
√
3
+
159872χ
5845851
− 5606779χ
2
74401740
√
3
− 5998600441χ
3
52665271659
− 363654604519χ
4
1354249842660
√
3
− 3392895395699χ
5
18485510352309
− 5131021459454959χ
6
13309567453662480
√
3
− 19543868951454137χ
7
78321685400398440
− 181533259063565863χ
8
362020234739619456
√
3
, (6.32)
Ω
(2)
+ =
2048χ
19683
+
9489197χ2
22733865
√
3
+
140916511χ3
464420385
+
1050592475χ4
1350391581
√
3
+
183051051307χ5
326023110270
+
299759777186281χ6
246473471364120
√
3
+
708676913356721χ7
897867645683580
+
57722661833164033χ8
37710441118710360
√
3
, (6.33)
λ(1) =− 7232
59049
√
3
− 3328χ
19683
− 77953591χ
2
409209570
√
3
+
4635226837χ3
112854153555
+
27299185267χ4
72921145374
√
3
+
4547096768374χ5
13203935965935
+
11075262022707251χ6
13309567453662480
√
3
+
13678829006217853χ7
24242426433456660
+
769883777737335671χ8
678787940136786480
√
3
, (6.34)
λ(2) =
2048χ
19683
+
9489197χ2
22733865
√
3
+
140916511χ3
464420385
+
1050592475χ4
1350391581
√
3
+
183051051307χ5
326023110270
12The effect of the parameter 3 in the perturbations is more involved since it mixes parity-odd and parity-
even modes, and its effect on quasinormal frequencies has not been studied yet.
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+
299759777186281χ6
246473471364120
√
3
+
708676913356721χ7
897867645683580
+
57722661833164033χ8
37710441118710360
√
3
. (6.35)
Again one can check that these expressions agree with different estimates of the quasinormal
frequencies for sufficiently large l. Let us then return to the comparison with gravitational
perturbations in the static case. Using the results for the master equations in Ref. [24], we
have checked that, in the case of axial perturbations, the corrections associated to 1 in the
eikonal limit match our formulas (6.32) and (6.34) with χ = 0. Therefore, we expect that,
for large l (and perhaps not necessarily very large), the scalar quasinormal frequencies will
resemble the axial gravitational ones, also for the spinning case. As for the corrections to the
polar (axial) modes associated to 1 (2), their dependence on l is quite unusual, as noted in
[24], and the eikonal limit does not seem to make sense in those cases — we will come back
to this in the discussion section.
7 Observing deviations from GR
In the last section we have presented an extensive analysis of the quasinormal frequencies of
rotating black holes in the general set of higher-derivative extensions of GR given by (2.2)
and (2.3). We should now use these results to quantify the observational implications of
this. Of course, we are working only with scalar perturbations, which are different from
gravitational ones. However, as we have seen, the relative corrections to the gravitational and
scalar quasinormal frequencies may not be very different in some cases, even for l = 2, and
in other cases we can expect that they become similar for higher l. Since the tests that we
will perform depend on the relative corrections to the QNFs, we can at least get some degree
of approximation to the real problem by using the scalar QNFs. Otherwise, the analysis we
carry out in this section can be considered as a simulacrum of the type of study one could
perform if the corrections to the gravitational frequencies were available.
We want to focus on two key aspects of the ringdown signal. First, by measuring one
(complex) quasinormal frequency, one is able to infer the mass and the spin of the black hole,
upon the assumption that this is given by the Kerr metric. Thus, one relevant question is
what is the error in the mass and spin estimates if the black hole is actually non-Kerr, i.e.
a solution of one of the higher-derivative theories we consider. Second, precisely because we
can always fit a given QNF to a Kerr value, one QNF is not enough to test GR unless we
have an independent estimate of the mass and the spin. We need at least two different QNFs
in order to test GR using only ringdown measurements, and in that case it is important to
determine to what extent the QNM spectrum of the corrected black holes is distinguishable
from the Kerr spectrum. Next we analyze these two questions in more detail.
7.1 Inferring mass and spin from ringdown
One way of determining the final mass and spin of the black hole resulting from the merger
of a BH binary consists in measuring its dominant QNM. If there are corrections to GR,
then the estimates of the black hole’s charges using the quasinormal frequencies — upon the
– 32 –
assumption of the Kerr hypothesis — will be off and they will not agree, for instance, with
the estimates coming from the inspiral. Thus, these two independent estimates of M and χ
can be used to test GR. Of course, one would need take into account that the inspiral is also
corrected, and so the mass and spin inferred in this way will also have deviations with respect
their actual values. We will not worry about this and we will simply assume that somehow
we have been able to determine the BH’s properties using different measurements than the
ringdown. Nonetheless, in the case of higher-derivative corrections, the modifications to the
inspiral will typically be much smaller than for the ringdown, and hence they can probably
be neglected as a first approximation.
Let us then consider that we have a black hole of massM and spin χ with higher-derivative
corrections, so that its quasinormal frequencies can generically be written as
ω(M,χ) = ω(0)(M,χ) + ∆ω(M,χ) , (7.1)
where ω(0) is the uncorrected, Kerr value, and ∆ω is the correction. But then, suppose that
we ignore that these deviations are there and we try to fit one of these quasinormal frequencies
to a Kerr one. The “equivalent” Kerr black hole will have a certain mass M˜ and spin χ˜ which
will be different from the real ones. Thus, we would be solving the problem
ω(0)(M˜, χ˜) = ω(M,χ) . (7.2)
If the corrections are small then (M˜, χ˜) will be close to (M,χ) and we can write
M˜ = M + δM , χ˜ = χ+ δχ . (7.3)
Then, expanding linearly in δM and δχ, Eq. (7.2) can be written as
− δM
M
ω(0) + ∂χω(0)δχ
∣∣∣
(M,χ)
= ∆ω(M,χ) . (7.4)
Taking the real and imaginary parts we can then obtain δM and δχ. A compact way of
expressing the result is as follows:
δM
M
=
Im
(
∂χω
∗
(0)∆ω
)
Im
(
ω∗(0)∂χω(0)
) , δχ = Im
(
ω∗(0)∆ω
)
Im
(
ω∗(0)∂χω(0)
) , (7.5)
where ω∗(0) is the complex conjugate. Before showing the values of these shifts for the set
of corrections considered, let us illustrate in the general case how one can use experiments
to constrain these corrections. Let us imagine that we have experimentally determined the
mass of the black hole using the ringdown (the case of the spin is analogous), so that we
get the estimate M1 = Mring ± ∆Mring. On the other hand, suppose that we have another
independent estimate of the mass M2 = Mother±∆Mother. Then we can compute the relative
difference between both estimates
δM =
M1 −M2
M1
=
Mring −Mother
Mring
± Mother∆Mring +Mring∆Mother
M2ring
. (7.6)
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Now, assuming that the estimate Mother is faithful so that it yields the real value of the mass,
then the expected value of δM is precisely 〈δM 〉 = δM/M . If, eventually, the data is consistent
with GR — because 0 belongs to the confidence interval of δM — , then it means that the
error is larger than δM/M . Thus, we get the following implication
Data consistent with GR ⇒
∣∣∣∣δMM
∣∣∣∣ < Mother∆Mring +Mring∆MotherM2ring . (7.7)
Repeating the same analysis for the spin we get that the constraint is |δχ| < ∆χring + ∆χother
where ∆χring and ∆χother are the errors in the ringdown and alternative estimates of χ. In
the end, these are constraints on the possible corrections to GR. On the other hand, reversing
the implications we get a lower bound on the precision we need in order to be able to detect
these corrections. Let us now evaluate these formulas for the higher-derivative extensions of
GR in Eqs. (2.2) and (2.3).
Each coupling modifies the equivalent Kerr parameters in a different way, so it is useful
to write
δM
M
=
`4
M4
(
α21
δα21M
M
+ α22
δα22M
M
+ λev
δλevM
M
)
+
`6
M6
(
1
δ1M
M
+ 2
δ2M
M
)
, (7.8)
δχ =
`4
M4
(
α21δα21χ+ α
2
2δα22χ+ λevδλevχ
)
+
`6
M6
(1δ1χ+ 2δ2χ) , (7.9)
where each of the δiM/M and δiχ are dimensionless functions of the spin χ. Also, it must be
noted that the O(`6) corrections are relevant only when the O(`4) ones vanish, because if the
O(`4) terms are present there would be more O(`6) terms in the effective action besides the
ones considered in (2.3).13 The coefficients δiM/M and δiχ can be easily obtained from the
formulas (7.5) using the fits to the QNFs provided in the appendix D. We show the profile of
these quantities as functions of χ in Fig. 7.
It is interesting to see what happens if one tries to determine the mass and spin from the
measurement of a higher l QNM, say one of the form m = l. It turns out that the shift in
the mass and the spin does not change much with l. In fact, if one derives δM/M and δχ for
the eikonal QNFs, the corresponding curves are still quite similar to those shown in Fig. 7.
Hence, we may also expect that these curves provide an approximation for the gravitational
case.
Let us write down an example in order to show the type of constraints we can obtain.
For instance, let us suppose that we have measured the l = m = 2 quasinormal frequency of
a black hole of spin χ = 0.7 — which is about the estimated value for the LIGO/Virgo black
holes [1, 59]. This black hole has a mass M , and for the purposes of this thought experiment
we can assume Mring ≈Mother ≈M . Then, we have the following implication:
Data consistent with GR ⇒
{
`4
∣∣0.20α21 + 0.52α22 − 0.19λev∣∣ < M3 (∆Mring + ∆Mother) ,
`4
∣∣0.25α21 − 0.97α22 + 0.46λev∣∣ < M4 (∆χring + ∆χother) ,
(7.10)
13For instance, a term such as `2φ21X4 would modify the metric at order `6 if α1 6= 0.
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Figure 7. Error in the mass and angular momentum estimates when inferred from measurement of
the l = m = 2 quasinormal frequency, due to higher-derivative corrections. We show the coefficients
entering in Eqs. (7.8) and (7.9). Upper row: O(`4) corrections. Lower row: O(`6) corrections.
Thus, for smaller masses and higher precision, we can set more accurate bounds on these
couplings. For GW150914, using the inspiral together with numerical relativity, one finds
roughly ∆MotherM ≈ 0.06, ∆χother ≈ 0.07 and
∆Mring
M ≈ 0.06, ∆χother ≈ 0.06 [2]. This cannot set
a definitive bound on all the couplings since we have three of them and only two constraints.
We would need to measure several black holes of sufficiently different spin in order to set
a bound on all of them. Nevertheless, taking for example λev = 0, (7.10) would imply
approximately `
4α21
M4
< 0.2 and `
4α22
M4
< 0.2. This is hardly a constraint at all.
To get a better quantitative understanding for more promising third generation gravita-
tional wave detectors, we consider detecting a number of N binary black hole coalescences
with the Einstein Telescope (ET) [60]. The black holes in the binaries are drawn uniformly
from a log-flat distribution between [5, 95]M with a uniform spin distribution in [−1, 1]. We
further limit ourselves to events for which the l = 2, m = 2 QNM is measured with SNR of
100 and assume this measurement error on the ringdown is dominant as compared to an inde-
pendent mass and spin estimate from the inspiral. To determine the final black hole mass and
spin we use semi-analytic formulae based on NR as determined in [61]. The main motivation
to make these choices is to easily compare against the framework presented in [18]. However,
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Figure 8. Posterior distributions for the dimensionless couplings λˆ, αˆ21, αˆ22 with respect to Mref =
10M after measuring 160 events from a population in the range of masses [5, 95]M with ET (full)
as well as the posterior taking into account only the ten lowest mass events (dashed).
we shall see that in this mass range only the lightest few events contribute significantly to the
constraints, as is expected by the M4 suppression. As a result, we will limit ourselves further
to only the subset of these low mass black hole binaries.
The set of N binary black hole detections will be analyzed using a Bayesian approach,
sampling the posterior on our model parameters ~θ = { `4α21
M4ref
,
`4α22
M4ref
, `
4λ
M4ref
} with uniform priors in
the range [−0.6, 0.6]14. Here we have introduced the reference mass scale which will depend
on the detector under consideration. The likelihood of event i is given by a Gaussian centered
around the expected value of the QNM ωi, computed using (6.6) and (6.7), given mass Mi,
spin χi and for model parameters ~θ,
Li(ωobsi |~θ) = N (ωobsi ;ωi,Σi) . (7.11)
Here ωi includes the real as well as the imaginary part of the QNM. Σi is the covariance
matrix, including the correlation between these real and imaginary parts as inferred from a
14For convenience we allow for the possibility that
`4α21,2
M4
ref
< 0.
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Figure 9. Corner plot for the posterior on the model parameters obtained for, from outer to inner,
10 (green), 40 (orange) and 160 (blue) ET observations of black hole binary coalescences from a
restricted mass range [5, 6.5]M if general relativity is correct. Here, Mref = 10M. The diagonal
elements show the marginalized posterior distributions while the off-diagonal elements show the 90%
credible intervals on the 2D joint distributions. Only deviations from general relativity outside these
confidence intervals could be credibly detected.
Fisher matrix analysis [62]. The full likelihood for all events is then simply given by
L({ωobs}|~θ) =
N∏
i=1
Li(ωobsi |~θ) . (7.12)
In Fig. 8, the marginalized posteriors for N = 160 following this approach are illustrated.
In addition, it is shown how one recovers essentially the same posterior restricting to only the
subset of lowest mass events (corresponding to Neff = 10 events). We will continue considering
only these events. As an example, we will more specifically restrict ourselves to the range
[5, 6.5]M but note that the results for the dimensionless ratios would not significantly vary
when taking instead, say, [15, 19.5]M, as long as one appropriately adjusts Mref . Using the
positive boundaries of the 90% confidence intervals for the (N = 160) posterior, we have
made a comparison with the bounds obtained in [18]. Although there is no reason for them
to match exactly, and indeed the comparison is made difficult due to the mass dependence,
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Figure 10. Corner plot for the posterior on the model parameters obtained for, from outer to inner,
10 (green), 40 (orange) LISA observations of black hole binary coalescences if general relativity is
correct. Here, Mref = 106M. The diagonal elements show the marginalized posterior distributions
while the off-diagonal elements show the 90% credible intervals on the 2D joint distributions. Only
deviations from general relativity outside these confidence intervals could be credibly detected.
they are in qualitative agreement. In particular, our bound is similar for the zeroth order in
spin contribution but tighter for higher orders.
The posterior is found using a Markov Chain Monte Carlo method based on the Metropolis-
Hastings algorithm from the open source software PyMC3 [63]. The results for marginal and
joint posteriors are shown in Fig. 9 for N = 10, 40, 160. Those plots should be understood as
the probability distribution for the corresponding parameters that we would obtain if GR is
correct. Conversely, this means that we can expect to observe deviations with respect to GR
only if the parameters lay outside the confidence intervals of the distributions in Fig. 9.
Given the strong suppression for higher mass events, one might conclude that there is no
added value in performing the same analysis for LISA, which would make such observations for
massive black holes, about a million times heavier than the ET events. However, one should be
open to the possibility that there is qualitative difference between these black hole populations,
not only because the huge scale difference but also because many of the LISA mergers will
occur at high redshift [64]. We consider only binary black hole coalescence between black
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holes of mass M = 106M, the lower bound on the range of masses used in [18], again with
uniformly distributed spin. In addition, we assume a signal to noise of 1000 in the ringdown.
The results for N = 10, N = 40 are given in Fig. 10.
7.2 Testing the QNF spectrum
We can test GR using ringdown measurements only if we are able to detect more than one
quasinormal mode. In GR, the complete quasinormal mode spectrum is fully characterized
by the mass and spin of the black hole. Hence, once the fundamental quasinormal frequency
is determined, the frequencies of all modes can be predicted. However, if the geometry is
not Kerr due to modifications of GR, then the predicted frequencies will be off and we could
observe this deviation. Let us first show explicitly that such a deviation in fact occurs. To
do so, let us assume that the l = m = 2 mode has been measured, from which the mass M˜2,2
and the spin χ˜2,2 predicted by GR have been estimated. This yields a GR prediction for the
rest of the quasinormal frequencies, which would read
ωGRl,m = ω(0)l,m(M˜2,2, χ˜2,2) . (7.13)
In our scenario, these predictions will not correspond to the real ones — the error given by
(7.5). The difference with respect to the actual quasinormal frequencies, taking into account
that the black hole has a mass M and spin χ, is
ωl,m − ωGRl,m = ∆ωl,m +
δM2,2
M2,2
ω(0)l,m − δχ2,2∂χω(0)l,m
∣∣∣
(M,χ)
. (7.14)
It is useful to introduce the relative distance between the GR and the real QNFs defined as
δωl,m
ωl,m
=
√√√√(Re ωl,m
Re ωGRl,m
− 1
)2
+
(
Im ωl,m
Im ωGRl,m
− 1
)2
. (7.15)
The value of this quantity determines the degree of distinguishability of the QNF spectrum
with respect to the GR one. In Fig. 11 we show this difference for the l = m = 3 and the
l = 2, m = 1 modes, which are supposed the most relevant ones besides the l = m = 2 one —
indeed, evidence for the l = 3 multipole in the inspiral has been recently reported [65]. As we
can see in Fig. 11, the difference is greater for the l = 2, m = 1 QNF, so that detecting this
mode will provide a stronger constraint on the corrections than the l = m = 3 mode. This
suggests that measuring different m modes rather than higher l ones would be more efficient
in order to test GR. On the other hand, those modes are probably less excited.
Finally we estimate the constraints on the parameters that follow from combining several
QNM observations. We perform the same type of Bayesian inference for ET15 as before but
we now assume that in addition to the l = 2, m = 2 mode, an l = 3, m = 3 mode is measured.
We further assume that this secondary mode has only 10% of the energy of the l = 2, m = 2
15See [66] for an expectation of what can be expected from the current generation of detectors.
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Figure 11. Relative difference (defined in (7.15)) between the quasinormal frequencies of rotating
black holes with higher-derivative corrections and the ones predicted by GR from measurement of the
l = m = 2 mode. In blue: l = 2, m = 1 mode. In red: l = m = 3 mode. Each line represents the
effect of the indicated correction and the value should be multiplied by the corresponding coupling
times `4/M4.
mode [62], again as in [18]. The price to pay is that now also the final mass and spin of the
black hole needs to be inferred from the ringdown itself, as we no longer assume these to be
determined from the inspiral. On the other hand, this renders the analysis self-contained and,
in particular, independent of any assumptions on the inspiral-merger phase. Assuming we
have independent measurements of the two modes, the full likelihood is
L({ωobs}|~θ) =
N∏
i=1
Li(ωobs2,2 i|~θ,Mi, χi)Li(ωobs3,3 i|~θ,Mi, χi) , (7.16)
analogous to (7.12). Based on the previous observations about the strong M suppres-
sion we again restrict ourselves to the lowest final masses in the population of detected black
hole binary coalescences. In Fig. 12, we compare the constraints coming from this ringdown-
only approach with those from the (idealized) combination of an independent mass, spin
determination and a ringdown measurement. With only a few available measurements, the
ringdown-only approach performs worse on account of the combined uncertainty on both the
theory and the masses and spins. Once more measurements become available this is compen-
sated and it even performs better. However, it is not expected that this steep improvement
will last but rather that it will asymptote to a ∼ N−1/2 behavior, similar to the combined
method.
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Figure 12. 90% confidence intervals for the dimensionless couplings λˆ, αˆ21, αˆ22 with respect to Mref =
10M from detecting two QNMs in the ringdown (circle) as well as only one QNM in addition to an
(idealized) independent measurement of the mass and spin (star).
8 Conclusions
We have studied the scalar QNM frequencies in rotating black hole backgrounds in general well-
motivated higher-derivative extensions of GR that reduce to GR in the weak field limit. The
wave operator governing the QNMs in rotating black hole backgrounds deviating from Kerr
is not separable, rendering the problem much harder than the calculation in Kerr geometries.
However, we have shown that the projection of the wave operator onto the set of spheroidal
harmonics yields a consistent second-order ODE for a single variable, from which one can
extract the quasinormal frequencies applying standard methods. This has enabled us to
obtain accurate results for the corrections to the scalar QNFs of rotating black holes with
relatively large spin χ ∼ 0.7. Higher values of the spin can be straightforwardly probed with
the software we provide — it only requires more computational time. Our results are shown
in detail in Section 6, while some observational implications — upon the assumption that
the relative corrections to the gravitational and scalar QNM frequencies are similar — are
discussed in Section 7.
It is clearly of prime interest to extend our results to vectorial and, especially, gravita-
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tional quasinormal modes. This requires first and foremost the master equation for those
perturbations, which on general grounds we expect to be non-separable. Deriving the mas-
ter equation for gravitational perturbations represents a remarkable challenge, but with the
master equation at hand one could then apply the method given in Section 5 to reduce the
problem to an effective ODE for one variable.
Let us conclude by discussing to what extent we can expect similarity between the cor-
rections to scalar and gravitational QNMs.
Scalar vs gravitational modes
Only gravitational QNMs are relevant for gravitational wave astronomy, but these are much
more complicated to study than scalar ones. It is thus an interesting question whether we can
obtain an approximation to the gravitational quasinormal frequencies from the scalar modes.
Comparing the l = 2 modes for scalar and gravitational perturbations of the Kerr geometry,
one observes that they are not too different, and they have a similar dependence on the spin.
However, there is no reason to expect that the higher-derivative corrections to these QNFs
will also be similar. Unfortunately we cannot check whether this is the case because the
corrections to the gravitational QNFs of rotating BHs have not been computed yet. However,
in Section 6 we provided two examples for static black holes. On the one hand, we observed
that the (relative) correction to the axial l = 2 gravitational mode is close to the correction to
the scalar l = 2 mode in Einstein-dilaton-Gauss-Bonnet (EdGB) gravity (and the same applies
to the l = 3 mode). On the other hand, we do not find agreement between the scalar and
either axial or polar gravitational modes in the case of the quartic theories (2.3). While all of
this could be coincidental, let us offer a possible explanation. First, note that one of the main
differences between scalar and gravitational perturbations is that, while in the former case we
are keeping the operator fixed and we change the background, in the second case the wave
operator also receives corrections16. That is, Einstein’s equations are modified, Gµν+Eµν = 0,
and hence the linearized equations around the background of a black hole have corrections
coming explicitly from Eµν :
GLµν + ELµν = 0 , (8.1)
where L denotes the linearized part. Since ELµν typically contains more than two derivatives,
one should treat this object carefully. One possibility would be to directly truncate ELµν , and
hence considering that only the Einstein tensor is responsible for the dynamics of gravity.
Perhaps a more rigorous approach is to reduce the higher-derivative terms in ELµν by using
the zeroth-order equations, as in Ref. [24]. Even in this case one has to be careful with this
operator since, for instance, it can become larger than GLµν for large values of l in which
case the perturbative regime breaks down. Now, the equation GLµν = 0 is the equivalent of
∇2ψ = 0, so only when ELµν is truncated or is zero we can expect some resemblance between
scalar and gravitational QNMs.
16These are respectively referred to as “background” and “dynamical” modifications in [5].
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To illustrate this let us consider the case of EdGB gravity. It turns out that axial (parity-
odd) gravitational perturbations are decoupled from scalar perturbations in this theory, and
thus it is easy to see that ELµν = 0 in that case. This explains why we get similar results for
the scalar and axial gravitational QNFs for static black holes in this theory. In addition, since
we expect ELµν = 0 for parity-odd perturbations in the rotating case too, we expect that the
analogy with scalar QNFs also holds for rotating black holes. On the other hand, ELµν 6= 0 for
other higher-derivative terms — in particular for the quartic ones — so we cannot a priori
expect agreement between the gravitational and scalar QNFs if ELµν is not truncated.
Another possible example for which ELµν = 0 is the case of polar (parity-even) gravitational
perturbations in dynamical Chern-Simons theory (dCS). In fact, due to parity, those perturba-
tions decouple from scalar ones [19], and due to the topological character of the Chern-Simons
term, it does not contribute to the linearized equations in that case. Therefore, according to
our argument above, one may expect that in dCS gravity the scalar QNFs of rotating BHs are
similar to the polar gravitational ones.
Translating these results to our actions (2.2) and (2.3), the overall conclusion is that the
corrections to the scalar QNFs associated to the parameters α1 and α2 may be similar to
those of the parity-odd and parity-even gravitational modes, respectively. In the other cases,
agreement is not expected unless the non-Einsteinian term ELµν is truncated from the linearized
equations.
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A Methods to compute quasinormal frequencies
A.1 Approximate methods
For an overview of approximate methods to compute quasinormal modes we refer to [17]. This
in particular contains a discussion on the WKB and Pöschl-Teller approximations. The latter
approach approximates the effective potential in (4.11)
d2ϕ
dy2
+
(
ω2 − V )ϕ = 0 , (A.1)
by the exactly solvable Pöschl-Teller potential
V =
V0
cosh2 αy
. (A.2)
However, this potential goes to zero as y → ±∞. We have found it more convenient to work
with variables for which V goes to a nonzero constant as y → −∞. To account for this
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difference, we extend the Pöschl-Teller approximation using the exactly solvable Rosen-Morse
potential [67]
V =
β
2d2
(
tanh
y
d
− 1
)
− γ
d2 cosh2 yd
. (A.3)
Introducing
z =
1
2
(
1 + tanh
y
d
)
, (A.4)
a =
i
2
(
−
√
d2ω2 + β + dω
)
, (A.5)
b = − i
2
(√
d2ω2 + β + dω
)
, (A.6)
ϕ = f(z)e
ay
d cosh−b
y
d
, (A.7)
the wave equation takes the hypergeometric form
z(1− z)f ′′ + (a+ b+ 1− 2(b+ 1)z)f ′ + (γ − b(b+ 1))f = 0 (A.8)
with z going from 0 to 1. When f(z) is regular at z = 0, 1, the solution of the original wave
equation behaves as ϕ ∼ e−i(y
√
ω2+ β
d2
) at y → −∞, and ϕ ∼ eiωy at y → +∞, which are the
correct QNM boundary conditions. This is the case for Jacobi polynomials, i.e., when the
solution is given by
f = 2F1
(
b+
1
2
−
(
γ +
1
4
)1/2
, b+
1
2
+
(
γ +
1
4
)1/2
, a+ b+ 1, z
)
, (A.9)
with
b =
√
γ +
1
4
− n− 1
2
, (A.10)
and n an integer. In terms of ω2 one finds17
ω = −
√
− γ
d2
− 1
4d2
+
β/d2
4(
√
− γ
d2
− 1
4d2
+ id(n+
1
2))
− i
d
(n+
1
2
) (A.11)
Now, given a potential Vl,m, we replace it by a RM potential that has the same asymptotic
behaviour and whose maximum value and second derivative at the maximum agree with those
of the original potential. This leads to the following identifications of the constants,
17Using β = −4ab or a = − β
2(
√
4γ+1−2n−1) .
– 44 –
● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ●
● ●
● ●
●
●
●
●
■ ■ ■ ■ ■ ■ ■
■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■
■
■
■
◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆
◆
● RM ■ PT ◆ WKB
0.0 0.1 0.2 0.3 0.4 0.5 0.6
0.000
0.002
0.004
0.006
0.008
0.010
0.012
● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ●
● ●
●
●
■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■
■ ■ ■
■ ■
■
■
■
◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆
◆ ◆ ◆ ◆
◆ ◆
◆ ◆
◆
◆
0.0 0.1 0.2 0.3 0.4 0.5 0.6
0.00
0.01
0.02
0.03
0.04
0.05
0.06
● ● ● ● ● ● ● ● ● ● ● ● ●
● ● ● ●
● ● ●
● ● ● ●■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■
◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆
◆ ◆ ◆ ◆
0.0 0.1 0.2 0.3 0.4 0.5 0.6
0.00
0.05
0.10
0.15
0.20
● ● ● ● ● ● ● ● ● ● ● ● ●
● ● ● ●
● ● ● ● ● ● ● ●
■ ■ ■
■ ■ ■ ■ ■
■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■
■
■
◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆
◆ ◆ ◆
◆
0.0 0.1 0.2 0.3 0.4 0.5 0.6
0.00
0.01
0.02
0.03
0.04
0.05
0.06
Figure 13. Absolute relative error between the approximations (6.10), (6.11), (6.13) and numerical
result for the Kerr quasinormal frequency Mω(0)5,5,0, and of the correction coefficients ∆ω
(i)
5,5,0 as a
function of the black hole spin.
β
d2
= −V−∞, (A.12)
γ
d2
=
1
4
(
− β
d2
− 2V0 − 2
√
V 20 + V0
β
d2
)
, (A.13)
d2 =
1
128V ′′0
(
d2
γ
)3(
β2
d4
− 16γ
2
d4
)2
(A.14)
where V−∞ = Vl,m(−∞), V0 = Vl,m(y0), V ′′0 = V ′′l,m(y0), and y0 is the position of the maximum,
i.e., where V ′lm(y0) = 0. We note that on setting β = 0, one has γ = −V0d2, d2 = −2 V 0V ′′0 , and
therefore
ωn = −
√
V0 +
V ′′0
8V0
− i
√
−V ′′0
2V0
(n+
1
2
) , (A.15)
which corresponds to (4.17). In section 6.1.2, we have compared the different approximation
methods — solved perturbatively for low spin — with the numerical result for several particular
effective potentials as described in that section. Fig. 13 illustrates this comparison from which
we conclude that overall the Rosen-Morse approximation is most effective. Note however
that for large l, where these methods should perform best, one should ideally make a large l
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expansion to perturbatively solve the spheroidal wave equation rather than solving it for small
dimensionless spin as we have done here.
A.2 Numeric integration
Let us explain here how we solve the wave equation numerically in order to obtain a the
quasinormal frequencies. The problem we consider is
d2ϕ
dy2
+
(
ω2 − V (y;ω))ϕ = 0 , (A.16)
together with the boundary conditions
ϕ ∝
{
eiωy when y →∞
e−iωˆy when y → −∞ ,
(A.17)
where ωˆ =
√
ω2 − V (−∞;ω) since we are allowing for the possibility of V (−∞;ω) 6= 0.
The potential is required to tend to its asymptotic values at y = ±∞ faster than 1/y, since
otherwise the amplitude of ϕ would scale as yα. Now, in order to find the quasinormal modes,
a naive strategy would consist in solving numerically the equation above starting with the
appropriate boundary condition at some negative y = y−, and then obtaining the solution for
a sufficiently large y+, so that we can identify
ϕ(y2) = Ae
iωy+ +Be−iωy+ . (A.18)
Then, we would search for the value of ω such that B = 0. The problem is that quasinormal
frequencies are complex, with a negative imaginary part. Hence, the outgoing mode at infinity
is exponentially larger than the ingoing mode, so that identifying the value of B numerically
becomes very hard as we increase y2.
In order to avoid this issue, it is more convenient to work with the phase by defining
ϕ = ei
∫
dyα(y) . (A.19)
In terms of α, the equation (A.16) becomes
iα′ − α2 + ω2 − V (y;ω) = 0 . (A.20)
Then our strategy will be to obtain two solutions of this equation, α±, such that both will
satisfy a gluing condition when ω is a quasinormal frequency. These solutions correspond to
those that have only outgoing modes at +∞ and at −∞, respectively:
α+ → ω when y →∞ , (A.21)
α− → −ωˆ when y → −∞ . (A.22)
Then, if ω is a quasinormal frequency these solutions are actually the same and they must
satisfy
α+(y0) = α−(y0) , (A.23)
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at some (actually any) point y0. In practice, instead of working with α±, it is useful to
introduce other two functions
α+ = ω + β+ , α− = −ωˆ + β− . (A.24)
These satisfy
iβ′+ − β2+ − 2β+ω − V (y;ω) = 0 , β+(y →∞)→ 0 , (A.25)
iβ′− − β2− + 2β−ωˆ + V (−∞;ω)− V (y;ω) = 0 , β−(y → −∞)→ 0 , (A.26)
and in turn, the QNF condition reads
β+(y0)− β−(y0) + ω + ωˆ = 0 . (A.27)
The last point that remains to be addressed is how to generate boundary conditions for the
the functions β±. The boundary conditions have to be determined accurately in order to
obtain the correct result for the quasinormal frequencies. For instance, it is not valid to set
β+(y+) = 0 for some large y+. We can generate boundary conditions by assuming a 1/ω
expansion of β± in the following form (let us exemplify this in the case of β+). We rewrite
the equation for β+ as follows
β+ =
iβ′+ − β2+ − V (y;ω)
2ω
. (A.28)
Then we iterate this expression and we generate a sequence β(n)+ , where we start with β
(0)
+ = 0.
In the n-th iteration we only need to keep terms up to order ω−n (also note that here we do
not expand V (y;ω) in 1/ω). Thus, for instance we get
β
(1)
+ = −
V (y;ω)
2ω
, β
(2)
+ = −
V (y;ω)
2ω
− iV
′(y;ω)
4ω2
, . . . (A.29)
Then, if we evaluate these expressions for some large enough y = y+ we generate an initial
condition for β+. In order to get good precision we may need to go to high-enough n (in our
calculations n ∼ 10). We note that this method works well at least for the first iterations
β
(n)
+ , since ω >> V (y+;ω) for large enough y+, however the convergence for n → ∞ is not
guaranteed. We can improve the convergence by constructing Padé approximants in 1/ω
starting from the β(n)+ . This already provides enough precision to determine the quasinormal
modes accurately. An analogous procedure can be done in the case of β− (in this case we
expand in 1/ωˆ). However, since in the case of black holes the potential decays exponentially
fast for y → −∞, we find that it is usually enough to use the approximation β(2)− for the initial
condition.
B Spheroidal harmonics
We summarize the properties relevant for this work. For more on spheroidal harmonics see
[54, 68] or [69] for the spin-weighted harmonics relevant in the gravitational case. We define
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spheroidal harmonics as the eigenfunctions of (5.12)
(1− x2)S′′l,m − 2xS′l,m +
(
Al,m(c) + c
2x2 − m
2
1− x2
)
Sl,m = 0, (B.1)
such that Sl,m(x; c)eimφ is regular on the sphere with x = cos θ. Al,m(c) is the corresponding
eigenvalue.18 For c = 0, (5.12) reduces to Legendre’s differential equation, so that the solutions
are given by
Sl,m(x, 0) = Nl,mP
m
l (x), Al,m(0) = l(l + 1), (B.2)
with
Nl,m =
√
(2l + 1)(l −m)!
2(l +m)!
(B.3)
given our normalization ∫ 1
−1
Sl,m(x)Sl′,m(x) = δll′ . (B.4)
For c 6= 0, we will compute Sl,m perturbatively around this zeroth order solution, as already
indicated in the main text (5.8)
Sl,m(x; c) =
∞∑
n=|m|
c2(n−|m|)an,mPmn (x) . (B.5)
In this expression, it has already been made manifest that the perturbing term c2x2 preserves
parity, so even and odd Legendre polynomials do not couple.19 The method to compute the
coefficients an,m efficiently is to derive a three-term recurrence relation
αkak+1,m + (βk −Al,m)ak,m + γkak−1,m = 0, (B.6)
which is subsequently solved by the method of continued fractions. The details have been
described many times, for instance, in [70] so we do not repeat them. We stress, however, that
Mathematica 11 does not perform this expansion correctly. We recommend instead using the
implementation in the BHperturbation toolkit [71], which moreover also includes the spin-
weighted spheroidal harmonics relevant for the gravitational case.
C Scalar Laplacian
We write ψ = e−iωteimφψm and then we have ∇2ψ = e−iωteimφD2ψm. The operator D2 can
be decomposed as the sum of its zeroth-order part plus the corrections:
D2 = D2(0) +D2(1) . (C.1)
18We supress the argument when there is no potential confusion.
19This would not be the case for spin-weighted spheroidal harmonics.
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The operator D2(0) is given by
D2(0)ψ =
1
Σ
∂ρ (∆∂ρψ) +
1
Σ
∂x
(
(1− x2)∂xψ
)
(C.2)
− ψ
∆Σ
[
(Σ− 2Mρ)m2
(1− x2) + 4Maρmω −
(
2Mρa2 +
Σ(ρ2 + a2)
(1− x2)
)
ω2
]
. (C.3)
On the other hand, we have
D2(1)ψ = −
H2∆
Σ
∂2ρψ −
(1− x2)H2
Σ
∂2xψ +
P
Σ
∂ρψ +
Q
Σ
∂xψ +
S
Σ
ψ , (C.4)
where the quantities P , Q and S read
P =− H3
(1,0)
Σ2
4a2M2ρ2
(
x2 − 1)+ 2H2(M − ρ)
+
∆H4
(1,0) − ΣH1(1,0)
2Σ2
(
a4x2 + a2ρ
(−2Mx2 + 2M + ρ+ ρx2)+ ρ4)
+
4a2(H4 − 2H3)
∆Σ3
M2ρ
(
x2 − 1) (a4x2 − a2ρ (Mx2 + ρ)+ ρ3(3M − 2ρ))
+
H1M
∆Σ2
(−a6x2 + a4ρ2 (1− 2x2)+ a2ρ3 (4M (x2 − 1)− ρ (x2 − 2))+ ρ6) , (C.5)
Q =
H3
(0,1)
∆Σ2
4a2M2ρ2
(
x2 − 1)2 − 2a2H1
∆Σ2
Mρx
(
x2 − 1) (a2 + ρ2)+ 2H2x
−
(
x2 − 1)H4(0,1)
2∆Σ2
[
a6x4 + a4ρx2
(
ρ
(
x2 + 2
)− 2Mx2)
+ a2ρ2
(
4M2
(
x2 − 1)− 4Mρx2 + ρ2 (2x2 + 1))+ ρ5(ρ− 2M)]
+
4a2(H4 − 2H3)
∆Σ3
M2ρ2x
(
x2 − 1) (a2 (x2 − 2)− ρ2)
+
(
x2 − 1)H1(0,1)
2∆Σ
(
a4x2 + a2ρ
(−2Mx2 + 2M + ρ+ ρx2)+ ρ4) , (C.6)
S =
4aH3
∆2Σ2
Mρ
(
2am2Mρ
(
a2x2 + ρ(ρ− 2M))− 8a2mM2ρ2 (x2 − 1)ω
−mω∆Σ2 + 2aMρ (x2 − 1)ω2 (a4x2 + a2ρ (−2Mx2 + 2M + ρ+ ρx2)+ ρ4) )
+
H1
∆2Σ
(
a4x2ω + a2ρω
(−2Mx2 + 2M + ρ+ ρx2)− 2amMρ+ ρ4ω)2
− H4
(x2 − 1) ∆2Σ2
(
a4x2 + a2ρ
(−2Mx2 + 2M + ρ+ ρx2)+ ρ4)(a2mx2
− 2aMρ (x2 − 1)ω +mρ(ρ− 2M))2 . (C.7)
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D Fits to the quasinormal frequencies
In this appendix we provide polynomial fits in χ to the quasinormal frequencies. For each
value of l and m, we write the quasinormal frequencies as in Eqs. (6.2) and (6.27), i.e.,
Mω = Mω(0) +
`4
M4
(
α21∆ω
(1) + α22∆ω
(2) + λev∆ω
(ev)
)
+
`6
M6
(
1∆ω
(1) + 2∆ω
(2)
)
. (D.1)
At the same time, we are going to fit the zeroth-order frequencies ω(0) and the correction
coefficients ∆ω(i) to a polynomial in χ:20
Mω(0) =
kmax∑
k=0
ω
(0)
k χ
k , ∆ω(i) =
kmax∑
k=0
∆ω
(i)
k χ
k , (D.2)
where the order kmax can be made higher if we want to get a more accurate fit. For the fits
we present we have taken kmax = 6. Let us note that these fits are not equivalent to a Taylor
expansion, and in general they will be different — though the first terms can be similar to
those of the Taylor expansion. In particular, a Taylor expansion will provide a higher accuracy
for small values of χ, but the convergence is slow — according to our estimates we need up
to 14 terms in order to get a good precision for χ = 0.7. In any case, we will make a few
assumptions for these coefficients based on the behaviour that their Taylor expansions would
have. In the case of m = 0, we will only include even powers of χ in the fit in analogy with
the Taylor expansion, while in the case of the α2 corrections we will set ∆ω
(2)
0 = 0, since these
corrections must vanish in the absence of rotation.
Taking this into account, in the following tables we present the values of the best-fit
coefficients for all the fundamental quasinormal frequencies with l ≤ 2 and, in the case of the
O(`4) corrections, also for the ones with l = m = 3. In each case we indicate what is the
interval of χ for which the numerical data that has been fitted. This is the interval in which
the fit is fully reliable, nevertheless for slightly higher values of χ the fit should still yield an
approximate result.
20Note that we define the ω(0)k so that they are dimensionless and independent of the mass.
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k Re ω(0)k Im ω
(0)
k Re ∆ω
(1)
k Im ∆ω
(1)
k Re ∆ω
(2)
k Im ∆ω
(2)
k Re ∆ω
(ev)
k Im ∆ω
(ev)
k
0 0.11045 -0.1049 0.05165 0.00135 0. 0. 0.02615 0.01529
2 0.00779 0.0094 0.00133 0.02564 0.03043 -0.00007 -0.01736 0.00258
4 0.00039 0.00477 -0.0125 0.01019 0.02432 0.00561 0.02418 -0.00799
6 -0.00295 0.00419 0.00481 -0.00137 0.03501 0.02325 -0.09844 -0.00071
Table 3. Best-fit coefficients for the fundamental quasinormal frequencies with (l,m) = (0, 0). Nu-
merical data fitted in the interval 0 ≤ χ ≤ 0.6.
k Re ω(0)k Im ω
(0)
k Re ∆ω
(1)
k Im ∆ω
(1)
k Re ∆ω
(2)
k Im ∆ω
(2)
k Re ∆ω
(ev)
k Im ∆ω
(ev)
k
0 0.29294 -0.09766 0.07099 0.00712 0. 0. 0.01055 0.01335
1 0.07708 0.00029 0.08126 -0.0004 -0.02817 -0.04086 0.02772 0.01571
2 0.03857 0.00821 0.037 -0.00283 -0.0225 -0.02337 0.02021 0.00837
3 0.00813 -0.00184 0.00595 0.11589 0.00599 -0.01063 0.01006 0.00438
4 0.064 0.03475 0.02698 -0.45681 -0.03122 -0.10408 0.02379 0.0045
5 -0.08355 -0.05101 0.01048 0.78395 0.05706 0.17702 -0.02536 -0.00407
6 0.07838 0.046 -0.09413 -0.5883 -0.0749 -0.22699 0.04849 0.00642
Table 4. Best-fit coefficients for the fundamental quasinormal frequencies with (l,m) = (1, 1). Nu-
merical data fitted in the interval 0 ≤ χ ≤ 0.65.
k Re ω(0)k Im ω
(0)
k Re ∆ω
(1)
k Im ∆ω
(1)
k Re ∆ω
(2)
k Im ∆ω
(2)
k Re ∆ω
(ev)
k Im ∆ω
(ev)
k
0 0.29294 -0.09766 0.07099 0.00712 0. 0. 0.01058 0.01339
2 0.01905 0.00806 0.03156 0.01034 -0.00442 0.00974 0.00919 -0.02552
4 0.00359 0.0037 -0.00059 0.00487 0.00587 0.00412 0.02652 0.01386
6 0.00052 0.0032 -0.00894 0.01132 0.03407 0.0049 -0.04393 -0.05869
Table 5. Best-fit coefficients for the fundamental quasinormal frequencies with (l,m) = (1, 0). Nu-
merical data fitted in the interval 0 ≤ χ ≤ 0.65.
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k Re ω(0)k Im ω
(0)
k Re ∆ω
(1)
k Im ∆ω
(1)
k Re ∆ω
(2)
k Im ∆ω
(2)
k Re ∆ω
(ev)
k Im ∆ω
(ev)
k
0 0.29294 -0.09766 0.07099 0.00713 0. 0. 0.01055 0.01335
1 -0.07716 -0.00033 -0.08129 0.00099 0.0282 0.04093 -0.02778 -0.01567
2 0.03699 0.00727 0.0314 0.01285 -0.02274 -0.02278 0.02133 0.00748
3 -0.0212 -0.00559 -0.00078 -0.00799 0.00242 0.0332 -0.02246 0.00175
4 0.01301 0.00418 -0.07871 0.02091 -0.02282 -0.05111 0.04581 -0.02033
5 -0.00751 -0.00199 0.12324 -0.04641 0.01833 0.06798 -0.06336 0.03523
6 0.00244 0.0003 -0.07752 0.01462 -0.00941 -0.05411 0.03725 -0.02113
Table 6. Best-fit coefficients for the fundamental quasinormal frequencies with (l,m) = (1,−1).
Numerical data fitted in the interval 0 ≤ χ ≤ 0.65.
k Re ω(0)k Im ω
(0)
k Re ∆ω
(1)
k Im ∆ω
(1)
k Re ∆ω
(2)
k Im ∆ω
(2)
k Re ∆ω
(ev)
k Im ∆ω
(ev)
k
0 0.48365 -0.09676 0.10448 0.00798 0. 0. 0.01277 0.01001
1 0.15013 0.00008 0.15036 0.00487 -0.05364 -0.04549 0.04024 0.02119
2 0.08157 0.00837 0.09239 -0.0239 0.00893 -0.05012 0.00319 0.01263
3 -0.01213 -0.00345 -0.04352 0.22076 -0.38405 0.03937 0.20292 0.03732
4 0.23056 0.04265 0.14706 -0.80785 1.12651 -0.33955 -0.54716 -0.09
5 -0.31813 -0.06224 0.00446 1.31401 -1.59675 0.57161 0.79409 0.14973
6 0.25178 0.05362 -0.27766 -0.92678 0.67854 -0.51428 -0.35505 -0.08484
Table 7. Best-fit coefficients for the fundamental quasinormal frequencies with (l,m) = (2, 2). Nu-
merical data fitted in the interval 0 ≤ χ ≤ 0.7.
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k Re ω(0)k Im ω
(0)
k Re ∆ω
(1)
k Im ∆ω
(1)
k Re ∆ω
(2)
k Im ∆ω
(2)
k Re ∆ω
(ev)
k Im ∆ω
(ev)
k
0 0.48364 -0.09676 0.10449 0.00799 0. 0. 0.01275 0.01
1 0.07516 0.00002 0.07368 0.002 -0.0277 -0.02259 0.0223 0.01213
2 0.04378 0.00833 0.09571 0.00488 0.01994 -0.01112 -0.02474 -0.03284
3 0.0066 -0.0037 -0.22682 0.04119 -0.36303 0.04743 0.40041 0.2142
4 0.05725 0.03181 0.84182 -0.16931 1.19518 -0.21456 -1.22029 -0.70041
5 -0.06926 -0.0448 -1.2083 0.29016 -1.85175 0.3513 1.81083 1.02423
6 0.06078 0.03673 0.65095 -0.21579 1.0752 -0.25814 -0.98215 -0.57558
Table 8. Best-fit coefficients for the fundamental quasinormal frequencies with (l,m) = (2, 1). Nu-
merical data fitted in the interval 0 ≤ χ ≤ 0.7.
k Re ω(0)k Im ω
(0)
k Re ∆ω
(1)
k Im ∆ω
(1)
k Re ∆ω
(2)
k Im ∆ω
(2)
k Re ∆ω
(ev)
k Im ∆ω
(ev)
k
0 0.48364 -0.09676 0.10448 0.00798 0. 0. 0.01278 0.01006
2 0.03151 0.00746 0.05188 0.01259 -0.01977 0.00869 0.0307 -0.01066
4 0.00642 0.0034 -0.00151 0.00638 -0.00649 0.00333 0.00676 0.02744
6 0.00258 0.00326 -0.03061 0.00368 0.06307 0.00719 -0.00278 -0.04022
Table 9. Best-fit coefficients for the fundamental quasinormal frequencies with (l,m) = (2, 0). Nu-
merical data fitted in the interval 0 ≤ χ ≤ 0.7.
k Re ω(0)k Im ω
(0)
k Re ∆ω
(1)
k Im ∆ω
(1)
k Re ∆ω
(2)
k Im ∆ω
(2)
k Re ∆ω
(ev)
k Im ∆ω
(ev)
k
0 0.48364 -0.09676 0.10447 0.00799 0. 0. 0.01278 0.01001
1 -0.07525 -0.00007 -0.07521 -0.00185 0.02552 0.02288 -0.01961 -0.01047
2 0.04219 0.00728 0.05057 0.01269 -0.02349 -0.00379 0.03451 -0.00235
3 -0.01926 -0.00337 0.02529 -0.01194 -0.01582 0.00749 -0.04148 0.00933
4 0.01269 0.00257 -0.19476 0.04779 0.08576 0.00193 0.1019 -0.01949
5 -0.00709 0.00033 0.31157 -0.07185 -0.14109 -0.00497 -0.14067 0.02909
6 0.00237 -0.00036 -0.2025 0.03429 0.09928 0.0054 0.07601 -0.01611
Table 10. Best-fit coefficients for the fundamental quasinormal frequencies with (l,m) = (2,−1).
Numerical data fitted in the interval 0 ≤ χ ≤ 0.7.
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k Re ω(0)k Im ω
(0)
k Re ∆ω
(1)
k Im ∆ω
(1)
k Re ∆ω
(2)
k Im ∆ω
(2)
k Re ∆ω
(ev)
k Im ∆ω
(ev)
k
0 0.48364 -0.09676 0.10447 0.00799 0. 0. 0.01278 0.01001
1 -0.15049 -0.00014 -0.15038 -0.00367 0.05159 0.0458 -0.03896 -0.02099
2 0.07413 0.00709 0.06167 0.00901 -0.04846 -0.04272 0.03313 0.01627
3 -0.04423 -0.0061 0.08825 -0.02782 0.0652 0.03665 -0.04166 -0.00732
4 0.02805 0.00402 -0.39612 0.08147 -0.18006 -0.04624 0.09165 -0.00016
5 -0.01544 -0.00154 0.63235 -0.14455 0.25774 0.04068 -0.12671 0.006
6 0.00481 0.00012 -0.36687 0.08613 -0.13258 -0.02436 0.07158 -0.00408
Table 11. Best-fit coefficients for the fundamental quasinormal frequencies with (l,m) = (2,−2).
Numerical data fitted in the interval 0 ≤ χ ≤ 0.7.
k Re ω(0)k Im ω
(0)
k Re ∆ω
(1)
k Im ∆ω
(1)
k Re ∆ω
(2)
k Im ∆ω
(2)
k Re ∆ω
(ev)
k Im ∆ω
(ev)
k
0 0.67537 -0.0965 0.14087 0.00817 0. 0. 0.01767 0.00854
1 0.22402 0.00008 0.21982 0.00608 -0.07668 -0.04739 0.05231 0.02172
2 0.11294 0.00703 0.12123 0.00073 -0.04613 -0.05069 0.0316 0.0191
3 0.06363 0.00757 0.06436 0.02026 -0.15188 -0.05168 0.07222 0.02693
4 0.07388 0.00186 -0.09679 -0.14218 0.57269 0.00605 -0.23133 -0.06056
5 -0.03812 0.01125 0.23416 0.27696 -1.43677 -0.11812 0.5903 0.15652
6 0.11367 0.00252 -0.35831 -0.33504 1.14031 -0.00669 -0.4772 -0.12771
Table 12. Best-fit coefficients for the fundamental quasinormal frequencies with (l,m) = (3, 3).
Numerical data fitted in the interval 0 ≤ χ ≤ 0.5.
k Re ∆ω(1)k Im ∆ω
(1)
k Re ∆ω
(2)
k Im ∆ω
(2)
k
0 0.05563 0.05074 0. 0.
2 -0.01986 0.00681 0.08529 0.06786
4 -0.01605 0.00357 0.06874 0.06671
6 0.21976 0.03214 -0.03405 0.11615
Table 13. Best-fit coefficients for the fundamental quasinormal frequencies with (l,m) = (0, 0).
Numerical data fitted in the interval 0 ≤ χ ≤ 0.55.
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k Re ∆ω(1)k Im ∆ω
(1)
k Re ∆ω
(2)
k Im ∆ω
(2)
k
0 0.02268 0.04957 0. 0.
1 0.06603 0.03729 0.01918 -0.06619
2 0.066 -0.06576 -0.0575 -0.06562
3 -0.59936 0.48246 0.54102 0.26582
4 2.09244 -2.27312 -1.83777 -1.24738
5 -3.55373 4.08949 3.34512 2.40635
6 2.01729 -3.37237 -2.3341 -2.05855
Table 14. Best-fit coefficients for the fundamental quasinormal frequencies with (l,m) = (1, 1).
Numerical data fitted in the interval 0 ≤ χ ≤ 0.6.
k Re ∆ω(1)k Im ∆ω
(1)
k Re ∆ω
(2)
k Im ∆ω
(2)
k
0 0.02254 0.04943 0. 0.
2 0.11835 -0.01758 -0.04988 0.06689
4 -0.06671 -0.12347 0.10883 0.11394
6 0.3679 0.44587 -0.03133 -0.21393
Table 15. Best-fit coefficients for the fundamental quasinormal frequencies with (l,m) = (1, 0).
Numerical data fitted in the interval 0 ≤ χ ≤ 0.6.
k Re ∆ω(1)k Im ∆ω
(1)
k Re ∆ω
(2)
k Im ∆ω
(2)
k
0 0.02265 0.04959 0. 0.
1 -0.06894 -0.03486 -0.01715 0.06744
2 -0.01511 -0.00246 -0.00338 -0.04172
3 0.07621 0.03351 -0.07162 0.06305
4 -0.30424 -0.03019 0.0152 -0.24391
5 0.45248 -0.01903 -0.03135 0.40034
6 -0.29976 -0.04325 -0.00458 -0.33342
Table 16. Best-fit coefficients for the fundamental quasinormal frequencies with (l,m) = (1,−1).
Numerical data fitted in the interval 0 ≤ χ ≤ 0.6.
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k Re ∆ω(1)k Im ∆ω
(1)
k Re ∆ω
(2)
k Im ∆ω
(2)
k
0 0.02196 0.04401 0. 0.
1 0.09087 0.06379 0.0146 -0.05694
2 -0.03684 -0.0665 0.00196 -0.14295
3 0.09022 0.58874 0.43019 0.43705
4 -1.06044 -2.74112 -1.466 -2.13431
5 2.08651 5.02003 3.11198 3.99247
6 -2.39044 -4.27682 -2.73093 -3.34858
Table 17. Best-fit coefficients for the fundamental quasinormal frequencies with (l,m) = (2, 2).
Numerical data fitted in the interval 0 ≤ χ ≤ 0.6.
k Re ∆ω(1)k Im ∆ω
(1)
k Re ∆ω
(2)
k Im ∆ω
(2)
k
0 0.02198 0.04403 0. 0.
1 0.04241 0.02976 0.00653 -0.02828
2 0.1701 0.01084 -0.0433 -0.01456
3 0.09022 0.58874 0.43019 0.43705
4 -0.45995 -0.15267 -0.07654 0.28357
5 -3.53665 -0.51708 -0.4018 1.93122
6 2.4638 0.11233 0.28765 -1.39317
Table 18. Best-fit coefficients for the fundamental quasinormal frequencies with (l,m) = (2, 1).
Numerical data fitted in the interval 0 ≤ χ ≤ 0.6.
k Re ∆ω(1)k Im ∆ω
(1)
k Re ∆ω
(2)
k Im ∆ω
(2)
k
0 0.02195 0.04399 0. 0.
2 0.15007 -0.0028 -0.07404 0.04972
4 0.00256 -0.02278 0.05823 0.04803
6 0.05537 0.10027 0.19755 0.01568
Table 19. Best-fit coefficients for the fundamental quasinormal frequencies with (l,m) = (2, 0).
Numerical data fitted in the interval 0 ≤ χ ≤ 0.6.
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k Re ∆ω(1)k Im ∆ω
(1)
k Re ∆ω
(2)
k Im ∆ω
(2)
k
0 0.02196 0.04403 0. 0.
1 -0.04479 -0.03058 -0.0067 0.02933
2 0.09883 0.00015 -0.0472 0.01785
3 0.00037 0.01481 0.02956 -0.03795
4 -0.21416 0.096 0.02624 0.11391
5 0.42318 -0.19835 -0.00313 -0.17872
6 -0.27925 0.17271 0.04023 0.17706
Table 20. Best-fit coefficients for the fundamental quasinormal frequencies with (l,m) = (2,−1).
Numerical data fitted in the interval 0 ≤ χ ≤ 0.6.
k Re ∆ω(1)k Im ∆ω
(1)
k Re ∆ω
(2)
k Im ∆ω
(2)
k
0 0.02195 0.04403 0. 0.
1 -0.08973 -0.06095 -0.01301 0.05876
2 -0.03295 0.00667 0.02763 -0.08893
3 0.20992 0.02785 -0.00447 0.03235
4 -0.55375 -0.03307 -0.30014 -0.00253
5 0.89057 -0.04055 0.6136 -0.07965
6 -0.57514 0.04579 -0.43004 0.06671
Table 21. Best-fit coefficients for the fundamental quasinormal frequencies with (l,m) = (2,−2).
Numerical data fitted in the interval 0 ≤ χ ≤ 0.6.
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